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Nomenclature 
v e c t o r  of p i t c h  l i n e  
major and minor axes  of gear  c r a d l e  e l l i p s e  
a 
major a d  m i n o r  axes  of pinion crafile e l l ipse  
gear  head c u t t e r  diameter 
Mean p i t c h  cone d i s t a n c e  L 
gear  r a t i o :  m = w (l) ,J2) 
12 ml 2
p in ion  c u t t i n g  r a t i o  
F1 m 
gear  c u t t i n g  r a t i o  m 
P2 
u n i t  normal t o  p in ion  and gear t o o t h  s u r f a c e  
d i r e c t i o n  angle  of normal i n  coord ina te  system S 
parameters  of p in ion  and gear  machine-tool s e t t i n g  
n 4 
‘F’ ‘P 
= o  (i) r a d i u s  of genera t ing  s u r f a c e  measured i n  p lane  X 
(i = 1, 2) 
m 
genera t ing  cone su r face  coordinate  UF’ 
s u r f a c e  C C con tac t  p o i n t  v e l o c i t y  F’ P 
s u r f a c e  C C con tac t  p o i n t  v e l o c i t y  





v e l o c i t y  of i n t e r s e c t i o n  point  a t  p in ion  c u t t e r  axis i n  p lane  II 
gear  c u t t e r  width 
mean s p i r a l  angle  
W 
p in ion  and gear  p i t c h  ang le  Y1’ y2 
p in ion  r o o t  angle  YR 





r o t a t i o n  angle  of f r a m e  S 
r o t a t i o n  ang le  of frame S 
p in ion  and gear  dedendum angle  
p in ion  machine-tool s e t t i n g s  
genera t ing  p in ion  and gear  cone s u r f a c e  coord ina te s  
motion parameter of c r a d l e  e l l i p s e  
motion parameter of p in ion  and gear  e l l i p s e s  
plane of normals 
p in ion  and gear  t oo th  s u r f a c e s  
genera t ing  s u r f a c e s  of p in ion  and gear  
r e l a t i v e  t o  frame Sf about a x i s  Z 
re la t ive  t o  frame Sn 
h 
f 
genera t ing  s u r f a c e s  r o t a t i o n  ang le  
p in ion  and gear  b lade  angle  
p in ion  and gear  angular  v e l o c i t i e s  
c r a d l e  angular  v e l o c i t i e s  f o r  c u t t i n g  t h e  p in ion  and gear  
Car tes ian  Coordinate Frame 
connected t o  t o o l  cone, j = F, p (j 
sS 
conntected t o  c r a d l e  (j) 
sC 
connected t o  machine frame, i = 1, 2 (i> ’m 
connected t o  p in ion ,  gear  s2 
1 f i x e d  t o  machine, used f o r  mesh of C and C ’h F 
vi 
2 fixed to frame of gearbox, used for mesh of C and C 




Spiral bevel gears are used in many applications where mechanical 
power must be transmitted between intersecting axes of drive shafts. 
Namely, two such applications are the rear axle differential gearbox for 
land vehicles and the transmissions used in helicopters. For spiral 
bevel gears, there is a continuing need for ever stronger, lighter weight, 
longer-lived and quieter running gears. Above all, a rapid and economical 
manufacturing method is essential to the industries that use bevel gearing 
in their products. 
For many years, the Gleason Works (Dudley, 1962; Anon. Gleason Works, 
1964 and 1980) has provided the machinery for manufacture of spiral bevel 
gears. There are several important advantages to the Gleason methods of 
manufacture over hobbing methods. 
of high quality and consistency. 
milling and grinding. Grinding is especially important for producing 
hardened high quality aircraft gears. 
possible with Gleason's method. The velocity of the cutting wheel does not 
have to be related in any way with the machine's generating motion. 
The machines are rigid and produce gears 
The cutting methods may be used for both 
Both milling and grinding are 
Generally speaking Gleason's method for generation of spiral bevel 
gears does not provide conjugate gear tooth surfaces. This means that the 
gear ratio is not constant during the tooth engagement cycle, and, 
therefore, there are kinematical errors in the transformation of rotation 
from the driving gear to the driven gear. 
performed by the Gleason Works was directed at the minimization of gear 
kinematical errors and the improvement of gear bearing contact by using 
special machine-tool settings. 
setting is accomplished by a computer program. 
The research that had been 
The determination of such machine-tool 
It is known that Oerlicon 
1 
(Switzer land)  and Klingelnberg (West Germany) have developed methods f o r  
generat ion of s p i r a l  beve l  g e a r s  t h a t  can provide conjugate  g e a r  t o o t h  
sur faces .  The disadvantage of t hese  methods i s  t h a t  t h e  gea r  t o o t h  
sur faces  cannot be ground and t h e  t o o t h  element propor t ions  are unfavorable  
due t o  the cons tan t  he igh t  of t h e  t ee th .  
The o b j e c t i v e  of t h e  new method f o r  gene ra t ion  of s p i r a l  beve l  gea r s  
presented h e r e i n  was t o  f i n d  a way t o  e l imina te  t h e  k inemat ica l  e r r o r s  f o r  
s p i r a l  bevel g e a r s ,  o b t a i n  gea r s  wi th  h igher  con tac t  r a t i o ,  and improve 
bear ing contac t  and condi t ions  of l u b r i c a t i o n ,  whi le  us ing  t h e  e x i s t i n g  
Gleason's equipment and r e t a i n i n g  a l l  the  advantages of t he  Gleason system 
of manufacturing such gears .  The proposed method f o r  gene ra t ion  i s  based 
following: 
Four su r faces  - two gene ra t ing  cone su r faces  ( C  
and p in ion  too th  s u r f a c e s  (Z and C ) a r e  i n  continuous tangency a t  2 1 
every i n s t a n t .  The r a t i o  of angular  v e l o c i t i e s  i n  motion of t h e  
above mentioned s u r f a c e s  s a t i s f i e s  t he  requirement t h a t  t h e  
generated pinion and gea r  t ransform r o t a t i o n  wi th  zero  k inemat ica l  
e r r o r s .  
The cones have a common normal a t  t h e  ins tan taneous  po in t  of con tac t  
but t h e i r  s u r f a c e s  i n t e r f e r e  wi th  each o t h e r  i n  the  neighborhood of 
contac t  po in t .  
and C,) and gear  
P 
The poin t  of con tac t  of t h e  above mentioned s u r f a c e s  moves i n  a 
plane (ll) t h a t  i s  r i g i d l y  connected t o  the  gear  housing. The normal 
t o  the  contac t ing  s u r f a c e s  l i e s  i n  plane II and performs a p a r a l l e l  
motion i n  the  process  of meshing. 
Due t o  t h e  e l a s t i c i t y  of gear  t o o t h  s u r f a c e s  t h e i r  con tac t  i s  
spread over an e l l i p t i c a l  area. The proposed method f o r  gene ra t ion  
2 
provides  t h a t  t he  ins tan taneous  contac t  e l l i p s e  moves along but no t  
ac ross  the  gea r  t o o t h  sur face .  This provides  improved condi t ions  
f o r  l u b r i c a t i o n  and a h igher  contact  r a t i o  w i l l  r e s u l t .  
U n t i l  now, t h e  reduct ion  of kinematical  e r r o r s  of Gleason s p i r a l  
beve l  gea r s  was a sub jec t  of t he  computer s ea rch  f o r  t h e  optimal 
machine-tool s e t t i n g s .  
purpose i s  c a l l e d  t h e  TCA (Tooth Contact Analys is )  program. 
proposed method i s  f o r  d i r e c t  determinat ion of machine-tool s e t t i n g s  
t h a t  r e s u l t  i n  zero k inemat ica l  e r r o r s  because t h e  gear  t oo th  
s u r f a c e s  are genera ted  as conjugate gear t o o t h  su r faces .  
A new TCA program d i r e c t e d  a t  the s imula t ion  of bear ing  contac t  and 
t h e  in f luence  of e r r o r s  of assembly and manufacturing has  been 
developed. 
( v )  
The computer program developed f o r  t h i s  
The 
( v i )  
The conten ts  of t h i s  r e p o r t  covers t h e  new method f o r  gene ra t ion  of 
s p i r a l  bevel  g e a r s ,  t h e i r  geometry, t h e  bear ing  contac t  and s imula t ion  of 
meshing. 
performance of p a r a l l e l  motion by two r e l a t e d  e l l ipses  t h a t  r e s u l t s  i n  t h e  
d e s i r e d  p a r a l l e l  motion f o r  t h e  contac t  normal. 
Spec ia l  a t t e n t i o n  has  been paid t o  t h e  proposed p r i n c i p l e  of 
1. THE GLZASON MANUFACTURING METHOD 
The gea r  c u t t e r  c u t s  a s i n g l e  space dur ing  a s i n g l e  index cycle .  The 
gear  c u t t e r  is mounted t o  t h e  c rad le  of t h e  c u t t i n g  machine. 
c r a d l e  wi th  t h e  c u t t e r  may be imagined as  a crown gear  t h a t  meshes wi th  t h e  
gear  being cu t .  
The machine 
The c r a d l e  wi th  t h e  mounted head c u t t e r  r o t a t e s  slowly 
3 
about i t s  a x i s ,  as does the  gear  which i s  being c u t .  The combined process  
gene ra t e s  the gea r  t o o t h  su r face .  
t h a t  one space i s  cu t  ou t  and then  i t  r a p i d l y  r e v e r s e s  whi le  t h e  workpiece 
i s  withdrawn from the  c u t t e r  and indexed ahead i n  p repa ra t ion  f o r  t h e  
c u t t i n g  the next  too th .  The des i r ed  c u t t e r  v e l o c i t y  is  provided whi le  t h e  
c u t t e r  spins  about i t s  a x i s  which i t se l f  moves i n  a c i r c u l a r  path.  
The c r a d l e  only r o t a t e s  f a r  enough s o  
We consider t h a t  two gene ra t ing  s u r f a c e s ,  C F  and C are used f o r  t h e  
P’ 
c2 genera t ion  of t h e  p in ion  t o o t h  s u r f a c e ,  C1, and the  g e a r  t o o t h  s u r f a c e ,  
respec t ive ly .  
method) but both s i d e s  of t h e  p in ion  t o o t h  are c u t  s e p a r a t e l y  ( s i n g l e  
method). 
C 
meshing, su r f aces  cF and cl, and r e s p e c t i v e l y  s u r f a c e s  I i ,  and C2, con tac t  
each o the r  a t  every i n s t a n t  a t  a l i n e  ( c o n t a c t  l i n e )  which is  a s p a t i a l  
curve. The shape of t h e  con tac t  l i n e  and i t s  l o c a t i o n  on t h e  con tac t ing  
s u r f a c e s  is changed i n  t h e  process  of meshing. The genera ted  p i n i o n  and 
gear  too th  su r faces  are i n  con tac t  a t  a po in t  ( con tac t  po in t )  a t  every 
i n s t a n t .  
Both s i d e s  of t he  gea r  t o o t h  are c u t  s imultaneously (duplex 
The b a s i c  machine-tool s e t t i n g s  provide t h a t  fou r  s u r f a c e s ,  CF, 
C1 and C2, are i n  con tac t  a t  t he  main con tac t  po in t .  I n  t h e  process  of 
P’ 
A head-cutter used f o r  t h e  gear  gene ra t ion  i s  shown i n  Fig. 1.1. The 
shapes o f . t h e  b lades  of t h e  head-cut ter  are s t r a i g h t  l i n e s  which gene ra t e  a 
cone while the head-cut ter  r o t a t e s  about axis C-C. The angular  v e l o c i t y  
about a x i s  C-C does not  depend on t h e  gene ra t ion  motion but only on the  
d e s i r e d  c u t t i n g  ve loc i ty .  Two head-cut ters  are used f o r  t h e  p in ion  
generat ion;  they are provided wi th  one-sided b lades  and c u t  t he  r e s p e c t i v e  
t o o t h  s ides  sepa ra t e ly .  The head c u t t e r  i s  mounted t o  t h e  c r a d l e  of t h e  
machine. Fig.  1.2 shows schemat ica l ly  t h e  pos i t i on ing  of t h e  c r a d l e  of t h e  
gea r  machine, t h e  head c u t t e r  and t h e  gea r  to-be generated.  
4 
2. GENERATING SURFACES AND COORDINATE SYSTEMS 
The gene ra t ing  s u r f a c e  i s  a cone sur face  (Fig.  2.1). This  s u r f a c e  i s  
generated i n  coord ina te  system S " )  while t h e  b lades  of t h e  head-cut ter  
r o t a t e  about  a x i s  C-C (Fig.  1 . 1 ) .  
based on a p p l i c a t i o n  of two t o o l  su r f aces ,  C, and C,, which gene ra t e  gea r s  
1 and 2 ,  r e spec t ive ly .  The genera t ing  sur faces  (gene ra t ing  cones) do not  
coincide:  
mean r a d i i  rLF) and .Ip' (Fig.  2.1,a).  Special machine-tool s e t t i n g s ,  AE1 
and A L ~  (F ig .  2.3,b),  must be used f o r  the gene ra t ion  of t he  pinion.  
C 
The generat ion of gear  t o o t h  s u r f a c e s  i s  
they  have d i f f e r e n t  cone angles I J J ( ~ )  and I)", and d i f f e r e n t  
C C 
Considering t h e  genera t ion  of gea r  2 t o o t h  s u r f a c e  we u s e  t h e  
fol lowing coord ina te  systems: ( i )  SLp) which i s  r i g i d l y  connected t o  t h e  
( 2 )  gene ra t ing  s u r f a c e  (Fig.  2.1,b);  ( i i )  the f i x e d  coord ina te  system S P m 
which is  r i g i d l y  connected t o  t h e  frame of t h e  c u t t i n g  machine, and (iii) 
t h e  coord ina te  system S2 which i s  r i g i d l y  connected t o  gear  2 (Fig.  2.2). 
I n  t h e  process  of gene ra t ion  t h e  generat ing s u r f a c e  r o t a t e s  about t h e  X 
- a x i s  w i th  t h e  angular  v e l o c i t y  
t h e  z2 a x i s  w i th  t h e  angular  v e l o c i t y  w ( * ) .  Axes X i 2 '  and Z2 i n t e r s e c t  
each o t h e r  and form t h e  ang le  90" + y 2  - A 2 ,  where A 2  is  t h e  dedendum angle  
f o r  gear  2 .  Axis X i 2 )  i s  perpendicular  t o  t h e  g e n e r a t r i x  of t h e  r o o t  cone 
of g e a r  2. The coord ina te  system Sf shown i n  Fig. 2.2 i s  r i g i d l y  connected 
t o  t h e  housing of t h e  gea r s  and w i l l  be used f o r  t h e  a n a l y s i s  of condi t ions  
( 2 )  
m 
while t h e  gear  blank r o t a t e s  about 
-" 
,.. 
of meshing of t h e  gears .  
Consider ing t h e  gene ra t ion  of the  pinion w e  use  t h e  fo l lowing  
coord ina te  systems: 
s u r f a c e  C F ,  (ii) S i 1 )  which i s  r i g i d l y  connected t o  t h e  frame of t h e  
c u t t i n g  machine and (iii) S1 which i s  r i g i d l y  connected t o  t h e  p in ion  (gea r  
(Fig.  2.3). Axes X y )  and Z1 do no t  i n t e r s e c t  but  c r o s s  each o the r ;  A E 1  
(i) S,'F' which i s  r i g i d l y  connected t o  t h e  gene ra t ing  
5 
and AL1 are  t h e  c o r r e c t i o n s  of machine-tool s e t t i n g s  which are used f o r  t h e  
improvement of meshing of t h e  g e a r s -  I n  t h e  process  of gene ra t ion  t h e  
genera t ing  su r face  r o t a t e s  about t h e  X i 1 )  -axis wi th  t h e  angular  v e l o c i t y  
 while the  gear  1 blank r o t a t e s  about t h e  Z - 1 
v e l o c i t y  a"). Axes xA1) and Z1 form t h e  angle  90' - Y1 + A where A i s  
the  dedendum angle  of gear  1; a x i s  X ' l )  i s  perpendicular  t o  t h e  g e n e r a t r i x  
of t he  root cone of gear  1. 
-axis  wi th  t h e  angu la r  
., 1' 1 
m 
3. GENERATING TOOL SURFACES 
The t o o l  s u r f a c e  i s  a cone and i s  represented  i n  t h e  coord ina te  system 
S'j)  as follows (Fig.  2.1) 
S 
1 
where u and 8. are t h e  s u r f a c e  coord ina tes .  
j J 
The coord ina te  system S") ( j  = F ,  P) is  an  a u x i l i a r y  coord ina te  
C 
system which is  a l s o  r i g i d l y  connected t o  t h e  t o o l  (Fig.  2 . 1 , b ) .  
represent  t h e  gene ra t ing  s u r f a c e s  IF and C i n  coord ina te  system Si') we 
























( 3  .?-> 
parameters which determine t h e  l o c a t i o n  of t h e  t o o l  i n  
t h e  coord ina te  system Henceforth, t h e  upper s i g n  corresponds t o  t h e  
g e n e r a t i o n  of a left-hand s p i r a l  bevel gea r  t h a t  i s  shown i n  Fig.  2.1 and 
lower s i g n  f o r  a right-hand s p i r a l  bevel gear .  
C 
Equat ions  (3.1) and (3.2) y i e l d  
z ( j )  = u . s inqJ ( j ) cos (0 . iq . )  + b.cosq 
C J C J J  ~j 
where j = (F ,  P) .  
The u n i t  normal t o  t h e  gene ra t ing  s u r f a c e  C ( j  = F, P >  i s  r e p r e s e n t e d  
j 
7 
Using Eqs. ( 3 . 3 )  and ( 3 . 4 )  (provided u.sin$:j) # 01, we obtain 
J 
4 .  
Generation of C1. 
surface cF and the gear tooth surface c1 using the following procedure: 
Step 1: 
the coordinate system S i ” .  
coordinate system S(F) is rotated about the XL1)  -axis (Fig. 2 . 3 ) .  We 
EQUATIONS OF MESHING BY CUTTING 
We derive the equation of meshing of the generating 
First, we derive the family of surfaces cF that we represent in I 




recall that the generating surface IF is rigidly connected to S(F). The 
C 
coordinate transformation in transition from S(F) to S ( l )  is represented by 
the following matrix equation I 
I 
C m 
( 4 . 1 )  
1 0 0 0 
0 cos$F sin4 0 
0 -sin@F cos@F 0 
0 0  0 1 
F 
where @ F  is the angle of rotation about the X(l) -axis. 
Using Eqs. (4.1), (4.2) and (3.3), we obtain 
m 





The upper sign corresponds to the right-hand spiral bevel pinion. 
Equations (4.3), with parameter OF fixed, represent a single surface of the 
family of generating surfaces. 
Step 2: 
the coordinate systems S i 1 )  as follows: 
The unit normal to the generating surface IF may be represented in 
9 
We may a l s o  use an alternative method for the derivation of the unit 
normal. This method is based on the matrix equation. 
[n(F) I 
C 
( 4 . 5 )  
matrix ( 4 . 2 ) .  
The column 
may be th determined by deleting the 4 column and rows in 
matrix n ( , ) I  is given by vector equation ( 3 . 5 ) .  
C 
After transformations, we obtain 
1 
Step 3 :  We derive the equations of the relative velocity, v (F1), as -m 
follows : 
where v(,) is the velocity of a point N on surface C, anc, v(') is the 
velocity of the same point N on surface cl. 
-m ,m 
Vector v(,) is represented by the equation 
-m 
( 4 . 7 )  




Vector r ( l )  i s  represented  by equation (4.3). -m 
Equations (4 .8 )  and (4.9) y i e l d  
(4.10) 
Gear 1 r o t a t e s  about t h e  Z1 - axis w i t h  t h e  angular  v e l o c i t y  w (1) 
.. 
(Fig.2.3). Since 
coord ina te  system S ( l ) ,  w e  s u b s t i t u t e  .(l) by an equal  vec to r  which passes  
through O i l )  and t h e  v e c t o r  moment represented  by 
does n o t  pass through t h e  o r i g i n  O ( l ) ,  of t h e  - m 
m - 





where L = 0 M .  h 
Equations (4.11) - (4 .12)  y i e l d  
J ( xm (Ym - LsinAl)cos(yl - AI) - (z(ml)+ AL,) s in (y l  - A l l  (l)  + A E ~ )  s in (y l  - A,) - 
(4 .13)  




Step 4: The equation of meshing by cutting is  represented by 
(4.15) 
Using equations (4.15), (4.14), (4.6) and (4.3), we obtain 
{-uF + [r(F)cot$F) - LsinAl - AL1 tan(yl - Al)lcosg(F)) C sin.rF f 
C C 
AE1[sin$'F) - cos$:')tan(Y1 - A l ) ~ ~ s ~ F I  = 
Here : 
(4.16) 
This equation relates the generating surface coordinates (uF, OF) with the 
angle of rot at ion  ( $F). 
13 
Generation of C2. By using a similar procedure we may obtain the equation 
of meshing for surface C and surface C as follows P 2 
Step 1: 
the coordinate system S are: 
Equations of the family of generating surfaces ,y represented in P 
(2 )  
m 
1 I u sin+(P)sinT i b sin(qp i $p) u sin+:p)cosT + b cos(qp i 9,) P c  P P P P P (4.17) 




- * = ep + qp + $p P 
The upper sign corresponds to the left-hand spiral bevel gear and the lower 
to the right-hand spiral bevel near. 
(p2 )  are represented in S(2)  as Step 3 :  The velocities v(~) and v m -m -m -m 
follows 
14 
(4 .19 )  
(4.20) 
(4.2 1) 
Step 4 :  The equation of meshing 
yields the following equation 
Here: 
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5. ORIENTATION OF TEE PINION CRADLE 
Henceforth, w e  w i l l  cons ider  two a u x i l i a r y  coord ina te  systems Sf and 
Sh, t h a t  a r e  r i g i d l y  connected t o  the  g e a r  and p in ion  c u t t i n g  machines, 
r e spec t ive ly  (Fig.  5.1). 
Figure 2.2 shows coord ina te  system Sf t h a t  i s  r i g i d l y  connected t o  t h e  
f gear  c u t t i n g  machine and t o  coord ina te  system S(2) .  Coordinate s y s t e m  S m 
i s  a l s o  r i g i d l y  connected t o  the  housing of t h e  gear  t r a i n  and the  meshing 
of t he  generated p in ion  and gear  w i l l  be a l s o  considered i n  coord ina te  
system Sf .  
t h e  gear  - the  p i t c h  l i n e  ( t h e  l i n e  of tangency of t he  p in ion  and g e a r  
p i t c h  cones). f 
Axis Z i s  t h e  ins tan taneous  a x i s  of r o t a t i o n  of t h e  p in ion  and f 
The o r i g i n  O f  of coord ina te  system S coincides  wi th  the  
po in t s  of i n t e r s e c t i o n  of 3 axes:  X y ) ,  Z 2  (F ig .  2.2) and z1 (Fig.  2.3). 
Here: X ( 2 )  i s  t h e  a x i s  of r o t a t i o n  of t h e  gea r  c rad le ;  z 2  i s  the  a x i s  of m 
r o t a t i o n  of t h e  gear  being i n  mesh wi th  t h e  genera t ing  gear  C 
i s  t h e  ax i s  of r o t a t i o n  of t he  p in ion  being i n  mesh wi th  t h e  genera t ing  
gear  CF and t h e  gear  member. 
and Z1 P 
Figure 2.3 shows coord ina te  system S t h a t  is  r i g i d l y  connected t o  t h e  h 
p in ion  c u t t i n g  machine and coord ina te  system S ( l ) .  The o r i g i n  Oh of 
coordinate  system Sh co inc ides  wi th  t h e  o r i g i n  Of b u t  t h e  o r i e n t a t i o n  of 
system Sh wi th  r e spec t  t o  Sf r e p r e s e n t s  a parameter of t h e  machine-tool 
s e t t i n g s  (proposed by L i t v i n ,  1968). This  parameter is  des igna ted  by E 
i n  Fig.  5.1. 
m 
The coord ina te  t ransformat ion  i n  t r a n s i t i o n  from Sh t o  Sf i s  based on 
t h e  fol lowing cons ide ra t ions .  
(i) Consider two a u x i l i a r y  coord ina te  systems, S 
r i g i d l y  connected t o  systems Sf and Sh, r e s p e c t i v e l y  (Fig.  5.1,a and 
Fig.  5 . l S b ) ,  axes  Z 
coord ina te  system Sb co inc ides  wi th  Sa and system s h  wi th  Sf .  
and Sb, t h a t  are a 
and z b  co inc ide  wi th  t h e  p in ion  a x i s .  I n i t i a l l y  a 
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(ii) 
Z - ax i s ,  t h e  a x i s  of t h e  p in ion ,  through t h e  angle  E (Fig.  5 . 1 , ~ ) .  
This  angle  determines t h e  o r i e n t a t i o n  of coord ina te  system S w i t h  
r e spec t  t o  S o r  t h e  o r i e n t a t i o n  of t he  p in ion  c u t t i n g  machine wi th  
respect t o  t h e  gear  c u t t i n g  machine. Matrix [M ] r ep resen t s  t h e  
coord ina te  t ransformat ion  i n  t r a n s i t i o n  from S 
Assume now t h a t  coord ina te  systems S, and Sh are r o t a t e d  about t h e  
a 
h 
f '  
f h  
t o  Sf and i s  represented  by h 
sinEcosy 1 cosy l s iny l ( l  - cos€)  0 2 2 COSECOS y + sin y1 1 
0 1 cos E s inEs iny  1 -sinEcosy 
n n 
0 L L cosEsin y + cos y1 1 1 cosyls iny  (1 - COSE) -sinEsiny 1 
0 0 0 1 
6. PLANE OF NORMALS 
It w i l l  be proven below t h a t  the  genera t ing  s u r f a c e s  Cp and cF con tac t  
each o the r  a t  a po in t  t h a t  moves i n  t h e  same p lane ,  n. The generated 
p in ion  and gear  s u r f a c e s ,  C1 and C 2 ,  a l s o  con tac t  each o t h e r  a t  every 
i n s t a n t  a t  a po in t  t h a t  co inc ides  w i t h  the p o i n t  of tangency of s u r f a c e s  Cf 
and Cp. 
( r e s p e c t i v e l y ,  C and C ) are i n  l i n e  contact and t h e  ins tan taneous  l i n e  of 
con tac t  moves over t h e  contac t ing  surfaces .  
method developed f o r  gene ra t ion  of s p i r a l  bevel  gea r s  i s  t h a t  t h e  con tac t  
po in t  moves i n  a plane (p l ane  II) t h a t  i s  r i g i d l y  connected t o  t h e  f i x e d  
However, we have t o  emphasize t h a t  s u r f a c e s  cF and C1 
P 2 
The s p e c i a l  p roper ty  of t h e  
17 
coordinate system Sf. 
lies in plane fl and, as it will be shown later, performs a parallel motion 
in the process of meshing. 
is determined as the plane that passes through the instantaneous axis of 
rotation, Zf, and the normal 
The above normal passes through point N that is the main gear contact 
Also, the common normal to the contacting surfaces 
Plane IT is called the plane of normals and it 
to the generating surface C p  (Fig. 6.1). 
point. 




f to coordinate system S Origin 0 coincides with origin 0 and axis Z 
coincides with the Zn - axis. 
from Sn to Sf is given by the matrix 
f' n f 
The coordinate transformation in transition 
[Lfnl = 
- 
cosq -sinq 0 
sinq cosq 0 
0 0 1 
(6.1) I 
The determination of angle rl is based on the following considerations: I 
i can be represented in coordinate system Sf by the (1) unit vector i 









- 1  
- O  0 I 
( 2 )  The u n i t  normal ckp) t o  t h e  genera t ing  s u r f a c e  Cp i s  represented  as 
follows 
Here (Fig .  2-21 
cosA2 0 -s inA2 
0 1 0  
sinA2 0 cosA 2 
i s  g iven  by column matr ix  ( 4 . 1 8 ) .  Equations ( 6 . 3 ) ,  ( 6 . 4 )  ( 2) Unit vec to r  cm 
and ( 4 . 1 8 )  y i e l d  
sin$:') cosA 2 - cos~J.~:~)cosr~s id2 
( n )  . (PI = 0. ( 3 )  Vectors $(n)  f and -f n(') are mutual perpendicular ,  i .e.,  if cf 
This  y i e l d s  t h a t  
tanJ1")cosA C 2 - c o s r p i n A  2 
tanrl = - 
P s inT 
Here : 
.T = €Ip i qp + +p P 
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wi th  the upper s i g n  f o r  t h e  lef t -hand g e a r ,  
( P I  qC = a f o r  t h e  convex gear  t o o t h  s i d e ,  P 
= 180' - ap f o r  t h e  concave gea r  t o o t h  s i d e  % 
where a is t h e  angle  of t h e  c u t t e r  blade.  
Equation ( 6 . 6 )  determines t h e  angle  of o r i e n t a t i o n  q of the  plane of 
normals (Fig.  6 . 2 ) .  
P 
7. PERFORMANCE OF PARALLEL MOTION OF A STRAIGHT LINE PROVIDED BY TWO 
BELbTED KLLIPSES. 
An important p a r t  of t h e  proposed approach i s  a new technique d i r e c t e d  
a t  t h e  performance of a p a r a l l e l  motion of a s t r a i g h t  l i n e  provided by two 
r e l a t e d  e l l i p s e s .  By us ing  t h i s  technique i t  becomes poss ib l e  t o  provide a 
p a r a l l e l  motion f o r  t h e  common normal t o  t h e  gear-pinion t o o t h  su r faces .  
This  motion i s  performed i n  a plane ( t h e  p lane  of normals) t h a t  i s  r i g i d l y  
connected t o  t h e  gear  housing and has the  prescr ibed  o r i e n t a t i o n .  
It is  w e l l  known t h a t  a t r a n s l a t i o n a l  motion of a s t r a i g h t  l i n e  may be 
performed by a para l le logram l inkage  (Fig.  7.1,a). Consider t h a t  a 
s t r a i g h t  l i n e  s l i d e s  by i t s  p o i n t s  A and C a long two circles of equal  
r a d i i .  Vectors  v and v which r ep resen t  t h e  v e l o c i t i e s  of p o i n t s  A and C 
of t h e  moving s t r a i g h t  l i n e  are equal .  The moving s t r a i g h t  l i n e  AC being 
i n i t i a l l y  i n s t a l l e d  p a r a l l e l  t o  t h e  c e n t e r  d i s t a n c e  OD w i l l  keep i t s  
o r i g i n a l  d i r e c t i o n  i n  t h e  process  of motion. 
-A -C 
The d iscussed  p r i n c i p l e  of t r a n s l a t i o n a l  motion of a s t r a i g h t  l i n e  may 
be extended f o r  t h e  case where t h e  s t r a i g h t  l i n e  s l i d e s  a long two mating 
e l l i p s e s  (Fig.  7.1,b). These e l l i p ses  have t h e  same dimensions and 
o r i e n t a t i o n  and aga in  t h e  v e l o c i t y  v e c t o r s  v and vc - are equal .  Consider 
t h a t  the moving s t r a i g h t  l i n e  i s  i n i t i a l l y  i n s t a l l e d  p a r a l l e l  t o  OD where 0 
-A 
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and D are t h e  f o c i  of symmetry of t h e  e l l i p s e s .  Then, wi th  yA = yc t h e  
moving s t r a i g h t  l i n e  w i l l  keep i t s  o r i g i n a l  d i r e c t i o n  i n  t h e  process  of 
mot ion. 
F igu re  7 . l ( a )  and Fig.  7 . l (b )  show a t r a n s l a t i o n a l  motion of a segment 
of a s t r a i g h t  l i n e  (AC) with  cons tan t  length.  
r ep resen ted  i n  Fig.  7 . l ( c ) .  
A more gene ra l  case i s  
The s t r a i g h t  l i n e  s l i d e s  over  two e l l i p s e s  
whose dimensions and o r i e n t a t i o n  are d i f f e r e n t .  The l eng th  of segment AC 
which s l i d e s  a long t h e  e l l ipses  i s  changed i n  t h e  process  of motion. The 
problem i s  how t o  provide a p a r a l l e l  motion of t h e  t h e  moving s t r a i g h t  
l i n e .  We c a l l  t h i s  motion a p a r a l l e l  one because t h e  s t r a i g h t  l i n e  has  t o  
keep i t s  i n i t i a l  paral le l  t o  l i n e  OD where 0 and D are t h e  f o c i  of symmetry 
of two mating e l l i p s e s .  Unlike t h e  cases which are shown i n  Fig.  7 . l ( a )  
and Fig.  7 . l ( b )  t h e  motion of s t r a i g h t  l i n e  i s  not  t r a n s l a t i o n  because the  
v e l o c i t i e s  yA and v7 of t h e  t r a c i n g  points  A and C are not  equal.  
d i s t a n c e  between t h e  s l i d i n g  p o i n t s  A and C i s  changed i n  t h e  process  of 
The 
motion. It w i l l  be proven t h a t  t h e  requi red  p a r a l l e l  motion of s t r a i g h t  
l i n e  may be performed wi th  c e r t a i n  r e l a t i o n s  between the  dimensions and 
o r i e n t a t i o n  parameters  of two guiding e l l i p s e s  which are shown i n  Fig.  
7 . l ( c ) .  
Consider t h a t  an e l l i p s e  (Fig.  7.2) i s  represented  i n  coord ina te  
system S by t h e  equat ions  a 
= 0, Ya = a p cosp p’  z a = b p s inpp  
a 
(7.1)  
where a and b 
t i v e l y ,  D i s  t h e  o r i g i n  of coord ina te  S 
are t h e  l eng ths  of t h e  semimajor and semimlnor axes, respec- P P 
and t h e  symmetry focus of t h e  e l l i p s e ;  a 
, parameter u determines t h e  l o c a t i o n  of a p o i n t  on t h e  e l l i p s e .  I P 
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Coordinate system Sn has  t h e  same o r i g i n  as Sa and the  o r i e n t a t f o n  of 
Sn wi th  respect t o  S 
coord ina te  system S n 
i s  g iven  by angle  6 a P' To r ep resen t  t he  e l l i p s e  i n  








c o d p  
0 
0 I 1 
Matr ix  equat ion (7.2) y i e l d s  
= a cos6 cosp - b s i n 6  s inyp  = 0, Yn P P  P P P (P I  X n 
(') = a s i n 6  cosp + b cos6 s i n p p  n P P P P P  Z 
(7 .3)  
( 7 . 4 )  
The symmetry focus of t he  mating e l l i p s e  i s  po in t  0 given by 
, C3 = z ( O )  (C2 and C are  a l g e b r a i c  ( 0 )  3 coordinates:  
va lues) .  
Equat ions of t he  mating e l l i p s e  are represented  i n  coord ina te  system S as 
fo l lows  
C1 = 0 ,  C2 = yn n 
The o r i e n t a t i o n  of t he  e l l i p se  i s  g iven  by angle  6, (F ig .  7 . 2 ) .  
n 
(F)  = a cos6 cosp - b s i n 6  s inyF  + C2, F F F F F  X n 
(F) 
Zn = a s i n 6  cospF + bFcos6 s inpF  + C3 F F  F (7.5) 
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Consider point A of ellipse 1 is determined by parameter upoo Point C 
Henceforth we will consider of ellipse 2 is determined with parameter pFo. 
such a motion where Pp - Ppo = PF - pFo = P .  
points A and C. 
4 
Line AC is drawn through 
Our goal is to provide that line AC will be parallel to 
the center distance DO for any value of the motion parameter p and perform 
a parallel motion. The above-mentioned goal can be achieved with certain 
relations between the ellipse parameters ap, bp, 6,, aF, bF and 6,. 
start the derivation of these relations by considering the vector equation 
We 
Vector equation = is satisfied with any value of P if the 
parallel motion of line AC is provided. (Where X is the constant required 
to make the two vectors of equal magnitude.) 
Equation (7.6) yields 
sin q - -  (OC - DA) k ( A - 1 )  (DO k ) -n ,n 
(7.7) 
Here: 
formed by axis Yn and vector DO (Fig. 7.2). 
transformation we will represent 1-1 and p as follows 
2n and k are the unit vectors of axes Yn and Zn, q is the angle -n 
For the further 
P F 
Pp = vpo + P ,  PF = UFO + P 
Equations (7.7), (7.4), (7.5) and (7.8) yield 
(bllsinq - allsinq - b 21 cosq + a21cosq)cosP 
(7 
+ (-b sinq + b22cosq + a12sinq - a22cosq)sinP = 0 12 (7 .9 )  
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Here : 
= a cos6 cosppo - b s i n 6  sinppo al l  P P P P  
a = a cos6 s i n p  + b s i n 6  cosppo 12 P P PO P P 
a = a sin6 cosp + b cos6 sinppo 21 P P PO P P 
= a sin6 s i n p  - b cos6 cosppo a22 P P PO P P (7.10) 
C o e f f i c i e n t s  b l l ,  b12, b21 and b22 have similar express ions .  
Equations (7.9) must be s a t i s f i e d  f o r  any va lue  of the motion parameter p. 
This  means t h a t  equat ion  (7.9) w i l l  be s a t i s f i e d  f o r  any va lue  of p i f  t h e  
following two equat ions  are s a t i s f i e d  s imultaneously.  
b s i n q  - b21cosq - a s i n q  + a21cosq = 0 (7.11) 11 11 
b s i n q  - b22cosq - a12sinq + a22cosq = 0 (7.12) 1 2  
Equations (7.10), (7.11) and (7.12) y i e l d  a system of two pseudo-linear 
equations i n  two unknowns (cos$o and sinvFO): 
aFsin( q-6F) cospFo - bFcos (q-6F)sinpFo = d l  




= aps i n (  q- 6,) cosppo - bpcos ( q- 6p) s inVpo 





The s o l u t i o n  of equat ions  (7.13) and (7.14) f o r  cospFO and s i n p  i s  FO 
as fo l lows  
a d sin(q-bF) + bFd2cos (q-6,) 
a s i n  (q-6,) + bFcos ( q -  
F 1  
F 
cosyFO = 2 2  2 2  
6F) 
a d sin(q-&F) - b  d cos(q-6F) 
F 2  F 1  
FO 
a F s i n  2 2  (q-6F) + bFcos 2 2  (q-$) 
s i n p  = 
Equations (7.13) and (7.14) y i e l d  
2 2  2 2  2 
F 1 2  




Equations (7.19) relates 3 parameters of the mating e l l i p s e :  aF, bF 
and 6 (Parameters a p ,  bp, 6, of the f irst  e l l i p s e  and q are considered 
as given) .  Thus Eq. (7.19) can be s a t i s f i e d  w i t h  v a r i o u s  combinations of 
F' 
a bF and 6,. F '  a, 
F - Example: a = 2 ,  b = 1.25, 6 = 20°, q = 270°, - - 3   9 ppo - PFO = O m  
P P P bF 
Then w e  ob ta in :  
Fig. 7.2. 
aF = 2.2753, 6, = 34.3113O. These e l l i p s e s  are shown i n  
A l i n k a g e  which may perform t h e  descr ibed p a r a l l e l  motion of l i n e  AC i s  
shown i n  Fig.  7.3. Link 1 is  i n  contact  w i t h  two perpendicular  s l o t s  and 
DN = a DM = b where 2a and 2b are the  l e n g t h s  of t h e  axes of e l l i p s e  
which is  t r a c e d  o u t  by p o i n t  A. Similar ly ,  l i n k  1' is  i n  c o n t a c t  w i th  two 
o t h e r  perpendicular  s l o t s ,  ON' = a 
e l l i p s e  2. 
one i s  determined by t h e  a n g l e  ( ~ 3 ~  - 6 ) ( s e e  Fig.  7.2). 
r o t a t e  w i t h  t h e  same angular  v e l o c i t y  w = - d' 
p a r a l l e l  motion i f  t h e  e l l i p s e  parameters s a t i s f y  equat ion  (7.19). 
P' P P P 
and OM' = bF, p o i n t  C traces o u t  F 
The o r i e n t a t i o n  of a p a i r  of s lots  w i t h  r e s p e c t  to  the o t h e r  
Links 1 and 1' 
P 
Line AC w i l l  perform a 
d t '  
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8 .  GEAR MACHINE-TOOL SETTINGS 
Input  Data. The fol lowing d a t a  are considered as given t o  set up t h e  gear  
machine-tool s e t t i n g s .  
N 2 ,  t h e  t e e t h  number of t h e  gear  
y2, the gear  p i t c h  angle  (Fig.  2.2) 
A 2 ,  the gear  dedendum ang le  (Fig.  2 . 2 )  
B , t h e  mean s p i r a l  angle  (Fig.  2.1) 
P 
L , OfMo, t h e  mean d i s t a n c e  of t h e  p i t c h  cone (Fig.  2.2) 
W , t h e  po in t  width of t h e  gear  c u t t e r  (Fig.  8.1) 
t h e  b l ade  angle  of t h e  gear  c u t t e r  (Fig.  8 .1)  
Gear cu t t i ng  r a t i o .  
angular  v e l o c i t i e s  of t h e  c r a d l e  and t h e  generated gear  and i s  des igna ted  
The gear  c u t t i n g  r a t i o  r e p r e s e n t s  t h e  r a t i o  between t h e  
bY 
Henceforth, we w i l l  consider  t h e  two coord ina te  systems, S(2)  and S f ,  m 
shown in  F igure  2.2. 
gears .  
gear  tha t  t ransform r o t a t i o n  wi th  cons t an t  angular  v e l o c i t y  r a t i o .  
t h a t  the genera t ing  cone s u r f a c e ,  C t h e  gear  t oo th  s u r f a c e ,  C 2 ,  and t h e  
p in ion  too th  su r face ,  C1, are i n  cont inuous tangency a t  every i n s t a n t ,  it 
is  requi red  t h a t  t h e  ins tan taneous  axis of r o t a t i o n  by t h e  gear  c u t t i n g  must 
Axis Zf i s  t h e  p i t c h  l i n e  of t h e  mating s p i r a l  beve l  




coinc ide  wi th  the  p i t c h  l i n e ,  a x i s  Zf. Thus 
This  means t h a t  v e c t o r s  w (p2)  and lcf are c o l l i n e a r .  
.., 
(2) 
m Vectors u ' ~ ) ,  w(2) and lcf are represented i n  coord ina te  system S .., .., 
as fo l lows  




Equations (8.2) and ( 8 . 3 )  y i e l d  t h a t  
-w (P)  + w(2)s in(y2  - A ~ )  
- w ( ~ ) c o s ( ~ ~  - A2) = tanA2 
Equation (8.4) r e s u l t s  i n  t h a t  
( 8  * 4) 
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Main Gear Contact Poin t .  The main gear  con tac t  p o i n t  is  t h e  c e n t e r  of t h e  
bear ing  con tac t  on t h e  gear  t o o t h  su r face .  The l o c a t i o n  of t h i s  p o i n t  can 
be represented by t h e  s u r f a c e  coord ina tes  of t he  t o o l  cone 8 and u . 
W e  can vary t h e  va lue  of u by keeping 8 f i x e d  and o b t a i n  t h e  d e s i r e d  
loca t ion  of t h e  main gear  con tac t  po in t .  





co inc ides  wi th  t h e  p i t c h  p o i n t  M 
* 
(Figure 8.2).  I n  t h i s  case N on the  c u t t e r  s u r f a c e  is the  con tac t  po in t  
of t h e  p in ion  and gear  t o o t h  s u r f a c e s  s i n c e  t h e  normal a t  t h i s  p o i n t  
i n t e r s e c t s  t h e  ins tan taneous  a x i s  of r o t a t i o n ,  . The b a s i c  r e l a t i o n s  
f o r  t h e  lef t -hand gear  f o r  t h i s  case are as fol lows:  
zf 
e* = 900 - B + qp = Tp + qp 
P P 
* 
LcosA2sin(B - qp) LcosA2cosf3 
- P * b =  
P s i n e  COS(Bp - qp> P 
LcosA s i n q  
(8.8) 2 P  
d LcosA s i n q  
2 
- 2 * 2 ,  
s i n e  cos(Bp - qp) P 





(PI = J  - a = - - -  a LsinA2tanqc * 2 
P 




u =  + as in$  (P * C 





For r ight-hand gear  we need t h e  following changes: 
LcosA2 cos6 LcosA2 cosp 
p =  P 
P s i n ( @  - 180') C O S ( ~ ~  - qp) b =- 
P 
LcosA s inq  
P 2 2 P 
d LcosA s inq  





L e t  u s  now cons ider  p o i n t  N whose sur face  coord ina te s  of t h e  t o o l  cone 
* 
are 0 and 
P 
* * * 
u = O(')N = O(p)N + N N = u + Au 
P P P (8.12) 
Po in t  N w i l l  become t h e  p o i n t  of contact i f  t h e  normal v e c t o r  of t h i s  p o i n t  
passes through Mi. 
a t  a c e r t a i n  angle 4 W e  can determine ang le  $ 
us ing  t h e  equa t ion  of meshing of t h e  genera t ing  gear and t h e  genera ted  g e a r ,  
equa t ion  ( 4 . 2 2 ) ,  t oge the r  w i th  equat ions  (8.5), (8 .6) ,  (8.7), (8.8),  (8 .9) ,  
(8.10), (8.11),  and (8.12). This  y i e l d s  
This requirement w i l l  be  observed i f  t h e  c r a d l e  is turned 
t h a t  is shown i n  Figure 8.3. P P 
AU P c o s ( @  P P  q $ ) 5 LcosA2sin+c(P)sin$ P + LsinA2cos$c(P)[cosBpcos(@ P i $41 = 0 
(8.13) 
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The upper sign corresponds to the left-hand spiral bevel gear and the lower 
to the right-hand spiral bevel gear. Based on trigonometry transformations 




A = cosA sin$ - sinA2cos$c(P)sinB + -$ sinB 
2 c  P P 
AU 
B L COSB P - sinA2cos$ C (p)cosB P 
C = sinA2cos$c(P)cosB P 
For gear concave side using the same equations except 
(P 1 a = - -  LsinA2 tan$, 
2 
and 
2 LcosA sinq + - W - LsinA2tanqc (PI r C 2 sins; 2 
d 
(P) = s +  a = 
( 8 . 1 4 )  
( 8 . 1 5 )  
(8.16) 
we can get the same result. 
Equation (8 .14)  determines the main gear contact points for both convex 
side and concave side. 
for gear concave side. 
In general, AU 
The absolute value of Au 
> 0 for gear convex side, and Au < 0 P P 
for gear convex side is 
P 
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g r e a t e r  than  t h a t  of AU f o r  gear  concave s ide .  
P 
D i r e c t i o n  of t h e  Contact  Path. The d i r e c t i o n  of t h e  c o n t a c t  pa th  may be 
determined by t h e  d i r e c t i o n  of t h e  tangent t o  t h e  c o n t a c t  pa th  a t  t h e  main con- 
tact po in t .  
c e s s  of motion t h e  con tac t  normal performs a p a r a l l e l  motion. 
T i s  a cons t an t  and t h i s  y i e l d s  t h a t  
This  can be done by d i f f e r e n t i a t i n g  equat ion  (4.22). I n  t h e  pro- 
Thus parameter 
P 
dT P = 0 dep = -d@p (8.17) 
Taking i n t o  account equat ions  (8.17) and (8.5),  we o b t a i n  a f t e r  t h e  d i f f e r e n -  
t i a t i o n  of equat ion  (4.22) t h e  fol lowing equat ion  
du 
sinT + b cos(q  7 @ )sin$:) - b P cos+c(p)cosB P t a n 4  = 0 
P P  P P  a@P 
The upper s i g n  corresponds t o  t h e  lef t -hand gear  and t h e  lower t o  t h e  right-hand 
* * 
gear.  A t  t h e  main con tac t  po in t  w e  have t h a t  8 = 8 cos8 = sin(Bp - q p ) ,  
b =  Then w e  o b t a i n  
P P’ P 
LcosA2cos B 
P P cos(B - qp)*  
s inA2sin(B -  COS$^^)] = 0 
P 
This  y i e l d s  






2 du D = 2 s in6  sin-c f LcosA2sin$:P)cosB s i n @  + LsinA2cos$:’)cos B 
P P  P P  P d+P 
du 
E = cos6 sin-c + Lcosh2sin$:’)cosB cos@ - LsinA2cos$(P)sinB cos6 
P P  P P C P P  d@P 
There i s  a p a r t i c u l a r  case when t h e  d i r e c t i o n  of t h e  con tac t  pa th  is  
du d 
_E 
2 p a r a l l e l  t o  the r o o t  cone and thus  = 0. For t h i s  case, however, 
becomes s u b s t a n t i a l l y  l a r g e r  than  LcosA More favorable  r a t i o  f o r  2LcosA2 
can be obtained by decreas ing  t h e  va lue  of - , b u t  a more i n c l i n e d  pa th  






lef t -hand gear convex s i d e ,  o r  -0.2 f o r  t h e  lef t -hand gear  concave s i d e .  
Because both s i d e s  of t h e  gear  are c u t  by duplex method, t h e  va lues  of 
P du 2 f o r  both s i d e s  are not  independent,  and w e  have t o  choose the  va lue  of -
f o r  bo th  s ides  by a compromise. 
du 
d@P d@P 
Y. BASIC PRINCIPLES FOR GENERATION OF CONJUGATE GEAR TOOTH SURFACES 
INTRODUCTION 
The method f o r  genera t ion  of conjugate  s p i r a l  bevel gear  t o o t h  s u r f a c e s  
i s  based on t h e  fo l lowing  p r i n c i p l e s :  
(1) Four surfaces-two gene ra t ing  s u r f a c e s  (C, and C ) and p in ion  and gear  
t o o t h  sur faces  ( C  and ) are i n  tangency a t  every i n s t a n t .  The r a t i o  of 
t h e  angular  v e l o c i t i e s  i n  motion of su r faces  cP, cF, 
the  following requirements:  ( i )  t h e  above-mentioned s u r f a c e s  must be i n  
continuous tangency and (ii) t h e  genera ted  p in ion  and gear  must t ransform 
r o t a t i o n  with zero k inemat ica l  e r r o r s ,  and ( i i i )  Point  N of con tac t  of both 
p a i r s  of contact ing s u r f a c e s  - 1, CF,  C 
i n  t h e  process of meshing and t h e  common normal t o  above-mentioned su r faces  
F 
1 2 
and c must s a t i s f y  1 2 















performs p a r a l l e l  motion i n  plane IT. 
F igure  9.1 shows t h e  drawings t h a t  are  represented  i n  t h e  plane of 
normals,  IT. Poin t  A i s  t h e  p o i n t  of i n t e r s e c t i o n  of t h e  gear  head-cut ter  
a x i s  wi th  plane II and A i s  t h e  i n i t i a l  p o s i t i o n  of t he  normal t o  s u r f a c e s  
C and C2. 
with  p lane  IT. 
pin ion  and gea r  axes.  
Poin t  D i s  t h e  poin t  of i n t e r s e c t i o n  of t he  gear  c r a d l e  a x i s  P 
Simultaneously poin t  D i s  t h e  poin t  of i n t e r s e c t i o n  of 
Axes of the  gear  c r a d l e  and gear  head-cut ter  are 
p a r a l l e l  ( t h e  head-cut ter  a x i s  is not  t i l t e d  wi th  r e spec t  t o  t h e  a x i s  of 
(2) t h e  c r a d l e ) .  The c r a d l e  a x i s ,  X , i s  perpendicular  t o  t h e  gear  root  cone m 
but  i t  i s  i n c l i n e d  wi th  r e spec t  t o  t h e  plane of normals,  IT. 
Poin t  C (Fig.  9.1) is  t h e  poin t  of i n t e r s e c t i o n  of t he  p in ion  t o o l  cone 
a x i s  wi th  plane n. Surface IF of the  pinion t o o l  cone w i l l  be i n  con tac t  
wi th  s u r f a c e  C p  (and C 2 )  i f  t h e  common normal t o  s u r f a c e s  Cp and C2 passes  
through po in t  C. Simultaneously,  t h e  pinion su r face ,  C1, w i l l  be i n  
con tac t  w i th  C (and C and C2) a t  po in t  N i f  t h e  equat ion  of meshing f o r  F P 
s u r f a c e s  C1 and $ i s  s a t i s f i e d  a t  N .  
Po in t  0 t h a t  i s  shown i n  Fig. 9.1 i s  t h e  po in t  of i n t e r s e c t i o n  of t h e  
p in ion  c r a d l e  a x i s  w i th  p lane  IT. Po in t  0 does no t  co inc ide  wi th  po in t  D of 
t h e  gear  c r a d l e  a x i s .  We recal l  t h a t  s p e c i f i c  machine t o o l - s e t t i n g s  f o r  
t h e  p in ion ,  AE1 and ALl, (Fig.  2.3) have t o  be used t o  provide conjugate  
p in ion  and gear t o o t h  su r faces .  This  method f o r  genera t ion  provides  the  
c o l l i n e a r i t y  of vec to r s  
X ( l ) ,  i s  perpendicular  t o  the  p in ion  root  cone but  i t  is  i n c l i n e d  wi th  
r e s p e c t  t o  gear  c r a d l e  a x i s ,  X(2), and plane n. The o r i e n t a t i o n  of axes  
X ( l )  and X(2) wi th  r e spec t  t o  each o the r  and plane II depends on g e a r  and 
p in ion  dedendum ang les ,  A1 and A 2 .  
head-cut ter  a x i s  are p a r a l l e l  ( t h e  pinion c u t t e r  i s  not  t i l t e d  wi th  r e spec t  




The pinion c r a d l e  axis and t h e  p in ion  
33 
t o  t h e  pinion c r a d l e ) .  
F igure  9.1 shows t h e  ins tan taneous  p o s i t i o n s  of t h e  con tac t  normal N 
.u 
and p o i n t s  A and C. I n  t h e  process  of meshing t h e  normal performs a 
pa ra l l e l  motion i n  plane II while  po in t  A (and r e s p e c t i v e l y  C) traces out  an 
e l l i p s e  with the  e l l i p s e  symmetry c e n t e r  D (symmetry c e n t e r  0 ,  
r e spec t ive ly ) .  The dimensions and o r i e n t a t i o n  of t h e  gear  e l l i p s e  centered  
a t  D are known s i n c e  the  gear  machine s e t t i n g s  are  given. The dimensions 
and o r i e n t a t i o n  of t h e  e l l i p s e  centered  a t  0 must be determined t o  provide 
the  des i red  p a r a l l e l  motion of t h e  con tac t  normal. Then i t  becomes 
p o s s i b l e  t o  determine the  p in ion  machine-tool s e t t i n g s .  
10. SATISFACTION OF THE EQUATIONS OF MESHING 
Four surfaces  - cp, cF, el and c2 - w i l l  be i n  contac t  w i th in  t h e  
neighborhood of t h e  ins tan taneous  con tac t  po in t  i f  they  have a common 
normal and t h e  fol lowing equat ions  of meshing are s a t i s f i e d  a t  t he  po in t  of 
contac t .  
(1) The equation of meshing f o r  s u r f a c e s  and i s  represented  as 
fo l lows  (Fig. 9.1): 
1 2 
I 
5 ... ... ... 5 (10.1) 
Here: w ( I 2 )  = w  - u ( ~ )  where ~ ( l )  and w(2) are t h e  angular  v e l o c i t i e s  - 5 ... Y - 
of the  pinion and t h e  gea r ,  r e spec t ive ly .  Vector w r e p r e s e n t s  t h e  
v e l o c i t y  in  r e l a t i v e  motion. 
Y 
Vector r(N) i s  t h e  p o s i t i o n  vec tor  of con tac t  
5 
po in t  N and N i s  t h e  con tac t  normal. 
t h e  p i t c h  l i ne  t o  provide  t ransformat ion  of r o t a t i o n  wi th  t h e  p re sc r ibed  
Vector w ( 1 2 )  must be d i r e c t e d  along 
* 5 
angu la r  ve loc i ty  r a t i o .  
( 2 )  The equa t ion  of meshing of su r faces  and C i s  r ep resen ted  by t h e  2 
equat ion  
(10.2) 
( p 2 )  - w(2) is  c o l l i n e a r  t o  t h e  ... Equation (10.2) i s  s a t i s f i e d  i f  w , = w ... ... 
u n i t  v e c t o r  a of the p i t c h  l ine.  This requirement i s  observed a l r eady  
s i n c e  t h e  gear c u t t i n g  r a t i o  i s  determined wi th  equat ion  (8.5). 
( 3 )  
fo l lows  : 
... 
The equat ion  of meshing of t o o l  sur faces  C and 5 i s  rep resen ted  as P 
... ... ... ... ... t - . . .  - 
Deriving equa t ion  (10.3) w e  s u b s t i t u t e  t h e  s l i d i n g  v e c t o r  t(F) t h a t  
pas ses  through 0 (Fig .  9.1) by an equal vec to r  t h a t  passes  through D and 
the v e c t o r  moment represented  by 
In  t h e  process  of motion t h e  con tac t  n o m 1  keeps its orig inal  d i r e c t i o n  t h a t  
is  p a r a l l e l  t o  DO. Thus equat ion  (10.3) y i e l d s  
(10.4)  
Equation (10.4) may be i n t e r p r e t e d  k inemat i ca l ly  as a requirement t h a t  
v e c t o r s  U(pF),  r ( N )  and N must l i n e  i n  the  same plane ,  t h e  p lane  of normals ... ... -. 
IL This means t h a t  
(10.5) 
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where in i s  the  u n i t  vec tor  of t h e  xn -ax is  t h a t  i s  perpendicular  t o p l a n n .  
It w a s  mentioned above t h a t  t h e  proposed method f o r  gene ra t ion  i s  based 
on t h e  p a r a l l e l  motion of t h e  con tac t  normal t h a t  s l i d e s  a long two r e l a t e d  
e l l i p s e s .  It was assumed t h a t  t h i s  motion i s  performed with t h e  fol lowing 
condi t ions  ( see  Sec t ion  7 ) :  
dpF dpP dp 
d t  d t  d t  
p ' = $ - u ~ ~ = $ - + ~  a n d - -  - - -  - -  (10.6) 
where % and llp are  t h e  e l l i p s e  parameters.  
dpF dpp 
L e t  us prove t h a t  t h e  r e q u i r e m e n t d t  = - can be observed i f  d t  
I U ( F ) I  - = IbJ (p ) I  and equat ion  (10.5) i s  s a t i s f i e d .  
Vectors w(F)  and fJJ(') are d i r e c t e d  along t h e  X ( l )  - and axes  and 
5 m m - 
equat ion  (10.5) may be represented  as fol lows 
(10.7) 
(P) (F)  = U(') = w w e  o b t a i n  t h a t  p r o j e c t i o n s  of vec to r s  u ( ~ )  and w Since W 
on t h e  normal t o  t h e  plane are equal .  





d’p r ep resen t  t h e  angular  v e l o c i t i e s  of l i n k s  1 and 1 (Fig.  Vectors - and - dlfF 
d t  d t  
7.3) i n  t h e i r  r o t a t i o n a l  motions. Equations (10.8) a l s o  y i e l d s  t h a t  
(10.9) 
Requirement (10.9) can be s a t i s f i e d  wi th  a s p e c i f i c  o r i e n t a t i o n  of t h e  
p in ion  c r a d l e  coord ina te  system, Sh, with r e s p e c t  t o  gear  c r a d l e  coord ina te  
system, Sf. This  o r i e n t a t i o n  may be achieved wi th  a c e r t a i n  va lue  of ang le  
E (Fig.  5 . 1 , ~ )  t h a t  may be determined by us ing  equat ion  (10.9). The ma t r ix  
r e p r e s e n t a t i o n  of equat ion  (10.10) is given as fol lows:  
(10.10) 
Here, matrix [Lfm ( 2 ) ]  i s  given by Eq. (6.4); mat r ix  [Lnf] i s  t h e  t ranspose  
mat r ix  of 
[Mfh] given  by equat ion  (5.1); matrix [L, (l)] is  represented  as 
fo l lows  (Fig.  2.3): 
[Lfn] g iven  by equat ion  (6.1);  ma t r ix  [L 1 i s  the  sub-matrix of f h  
..m 
- cosAl 0 sinA1- 
0 1 0  
1 -sinA 0 COSA 1 
(10.11) 
Equation (10.10) y i e l d s  
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cosA2 - s i n y  s i n ( y l  - A l )  1 
COSY COS& - s i n & t a n q  - = o  (10.12) 1 c0s (y l  - A l l  
Equations (10.12) provides  two s o l u t i o n s  f o r  angle  E and t h e  smaller va lue  
of E i s  to-be chosen. 
11. EQUATIONS OF SUBFACE TANGENCY AT THE MAIN CONTACT POINT 
We consider  t h a t  t h e  coord ina tes  of t h e  main con tac t  po in t  N on s u r f a c e  
$, (F ig .  8.2) and t h e  d i r e c t i o n  of t h e  s u r f a c e  u n i t  normal 
p ,  C 2 ,  C 1  and C are  known. W e  have t o  provide t h a t  s u r f a c e s  C 
tangency a t  t h e  chosen po in t  N. Sur faces  C and are a l r eady  i n  tangency 
a t  N s ince  the  equat ion  of meshing of C and C 2  is s a t i s i f e d  a t  t h i s  po in t  
(see Sect ion 8).  
a t  po in t  N ., 
w i l l  be i n  F 
P 2 
P 
Then w e  have t o  provide t h e  tangency of s u r f a c e s  C p  and 
5, $ and C1 and C1 and 3. 
Equations of Tangency of $ and C, 
The tangency of gene ra t ing  s u r f a c e s  c p  and ZF a t  po in t  N is provided i f  
t h e  following equat ions  are s a t i s f i e d  a t  N :  
(11.1) 
(11.2) 
Here r(') and are the  given p o s i t i o n  vec to r  and s u r f a c e  C p  u n i t  
5 - 
normal. Vector Eqs. (11.1) and (11.2) may be considered i n  any coord ina te  
system, f o r  i n s t a n c e ,  i n  system Sm(')* Vector Eq. (11.1) provides  t h r e e  
independent s c a l a r  equat ions  but  E q .  (11.2) provides  only  two ones s i n c e  
= 1. 
of tangency. 
Parameters % and 0 are t h e  s u r f a c e  CF coord ina tes  f o r  t h e  po in t  
Parameter $F, i s  t h e  angle  of c r a d l e  t u r n  f o r  t h e  in s t a l lmen t  
F 
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of the generating surface and it may be chosen of any value, including 
$F = 0. 
pinion head-cutter i n  coordinate system S (') (Fig. 2.1); 
angle (Fig. 2.1); AE1 and ALl are the machine-tool settings that have been 
shown in Fig. 2.3; r(F) is the radius of the head-cutter circle obtained by 
the intersection of the head-cutter surface with plane X(l) = 0 (Fig. 2.1). 
F 
Parameters q and bF determine the location and orientation of the 





We may represent vector equations of tangency (11.1) and (11.2) as 
follows 
Matrix [Mfm (2)1 is represented by the following equation (Fig. 11.1) 
L O  
-s i d  
0 
c o d  
0 










] is the transpose matrix of matrix [Mfhl that  is represented by hf 






-sinAl L s  i n  AI 




("1 and [n ("1 are represented  by equat ion  (4.17) and The column matrlx [ r  
(4.18). After  mat r ix  m u l t i p l i c a t i o n s  we ob ta in  
(2) m (2) m 
r b l l  b12 
(11.7) 
Her e : 
bl l  = c o s ~ c o s ( y ~  - Al)cos(yl  + A,) + s i n ( y l  - Al)s in (y l  + A 2 )  
b12 = -sinE:COS(yl -A1) 
= - C O S E C O S ( ~ ~  - Al)s in (y l  + A,) + sin(Yl  - Al)cOS(Y1 + A2) b13 
b14 = LsinAl + LsinA2 b l l  
b21 = s i rEcos(y l  + A 2 )  
b22 = cos€  
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= - sinesin(yl + 4) b23 
= - AE + LsinA b b24 1 2 21 
b32 = sincsin(yl - All 
b33 = cos&sin(yl - A1)sin(yl + A2) + cos(yl - A1)cos(yl + A2) 
= -AL + LsinA b b34 1 2 31 
Equations (11.3) and (11.4) are used for the determination of pinion 
machine-tool settings. 
12. PINION MACHINE-MOL SETTINGS 
The pinion machine-tool settings are represented by the following 
parameters: r (F) - the radius of the head-cutter circle measured in plane 
C 
X 
head-cutter in plane Xm 
JI,(F) - parameter that determines the blade angle; +1 = - - the ratio by 
cutting; ml and ALl - corrections of machine-tool settings that are shown 
in Fig. 2.3. 
= 0; bF and qF - parameters that determine the location of the m 





The determination of the pinion machine-tool settings is based on the 
equations that relate the parameters of the gear and pinion ellipses, 
equations of tangency of the pinion and gear tooth surfaces at the main 
contact point and the equation of meshing by pinion cutting. 
settings must be determined for the following 4 cases that are represented 
in the plane of normals, by Fig. 12.1 and Fig. 12.2, respectively. Figure 
These 
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12.l(a) corresponds t o  t h e  case where t h e  gear  i s  le f t -hand ,  t h e  gear  t oo th  
con tac t ing  surface i s  convex, r (F) > 
corresponds t o  t h e  case  where t h e  gear  i s  le f t -hand ,  t h e  gear  t oo th  
( F )  < r(') and CN < AN. 
C C 
con tac t ing  surface i s  concave, r 
and CN > AN. Figure  12 . l (b)  
C C 
Drawings of Fig. 12.2 correspond t o  t h e  cases  where t h e  gear  i s  
right-hand and the gear  t o o t h  contac t ing  s u r f a c e  i s  convex (Fig.  12.2,a) 
and concave (Fig.  12.2,b).  The d i f f e r e n c e  between r(') an6 r ( F )  w i th  o t h e r  
C C 
parameters as  g iven  determines t h e  requi red  dimensions of t h e  con tac t ing  
e l l i p s e .  
Determination of t he  Cut t ing  Rat io  51 
It i s  mentioned above t h a t  t h e  proposed method f o r  gene ra t ion  provides:  
(i) t h e  simultaneous tangency of fou r  s u r f a c e s :  
C p  and CF are t h e  gear  and p in ion  gene ra t ing  s u r f a c e s  and C1 and C 2 are t h e  
generated pinion and gea r  t o o t h  su r faces ;  ( i i )  t he  gene ra t ing  gears  
C p ,  CF, C 1  and C 2 ,  where 
(PI (F) ( c r a d l e s )  are r o t a t e d  wi th  the  same angular  v e l o c i t i e s  i.e. w = w  . 
This y i e l d s  the fo l lowing  equat ion  f o r  t h e  p in ion  c u t t i n g  r a t i o  
Her e : 
siny, 
(see equat ion  8.5) ' L  m =-  P2 cosA2 
where N 2  and N1 are t h e  numbers of gear  and p in ion  t e e t h .  
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Determination of bF 
The procedure of computations of b is based on the following steps: F 
(i) determination of semiaxes of the gear cradle ellipse, ap and bp: (ii) 
determination of the parameter of orientation of the gear cradle ellipse, 
6p; (iii) determination of the parameter of orientation of the pinion 
cradle ellipse, 6, and, (iv) determination of b 
Step 1: Determination of semiaxes of the gear cradle ellipse. 
F' 
The gear cradle ellipse is obtained by intersection of the cylinder 
of radius b (Fig. 2.1) with the plane of normals. The semiminor axis of the 
cradle ellipse is the cylinder radius bp. 
by the equation 
P 
The semimajor axis is represented 
(12.2) bP 
. (2) i 
a =  
i -m -n 
where the unit vector i (2) is collinear to the cylinder axis, i is the -m -n 
unit vector that is perpendicular to the plane of normals. 
product i (2) i 
The scalar 
may be represented as follows -m -.n 
(12 .3)  
Here, the column matrix represents the unit vector i.i in coordinate system 
S and the row matrix represents the unit vector i (2) in s (2)  --m n --m 
Equation (12.3) yields 
4 3  
-m -n 
and 
a =  P cosA cosn 2 
(12.4) 
(12.5) 
Step 2: Determination of orientation of the gear cradle ellipse. 
0 
We designate with b the unit vector of the minor ellipse axis and with “P 
6, the angle that is formed by axis yn and the major ellipse axis (Fig. 
12.3). Vectors b and i (2) are mutual perpendicular and this yields that 0 -P “rn 
and 
tanA2 
tan$ = -% 
- 0  
-sinbp 
cos 6, - 
= sin6,sinncosh2 + cos6psinA2 = 0 
(12.6) 
(12.7) 
Step 3: Determination of orientation of the pinion cradle ellipse. 
0 The unit vector of minor axis of the pinion cradle ellipse, !F, (F ig .  12.3) 
is perpendicular to the cylinder axis of radius b %us F‘ 
(12.8) 
The matrix representation of equation (12.8) is as follows: 
44 
Equation (12.9) yields 
A = - B 
where 
A = cosssinyl - cosy tan(y 
B = cosqsins + sinq[cosEcosyl + sinyltan(yl - All] 





Step 4: Determination of bF 




bP a =  bF P cos~cosn a =  F cosA casq ’ 2 
(12.13) 
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The parameters of both e l l i p s e s  have been r ep resen ted  by equa t ion  (7.19) as 
fo l lows  
2 2  2 2  2 2 
a s i n  (q  - 6 ) + bFcos (q - 6F) = dl + d2 F F 
Equations (7.15), (7.16) and (12.12) y i e l d  t h a t  
(12.14) 
(12.15) 
where q i s  t h e  ang le  t h a t  i s  formed between v e c t o r  DO and axis  y 
7.2). We recal l  t h a t  v e c t o r  i s  c o l l i n e a r  t o  t h e  con tac t  normal. Using 
(Fig.  n 
equat ions  (12.14) and (12.151, we o b t a i n  
2 2 2 
2 2 2 
(q - GP)cos A cos  n +  sin (q - 2 
2 cos  (q - 6F)cos A cos  n +  sin (q - 6F> 
b = bp F (12.16) 
F Determination of q 
The main i d e a  of de te rmina t ion  of qF i s  based on i d e n t i f i c a t i o n  i n  
p lane  x t '  = 0 of p r o j e c t i o n s  of two v e c t o r s :  OC (Fig. 12.1 and Fig. 12.2) 
and a - t ha t  i s  the u n i t  vec to r  of Om (l)O(F) (Fig.  12.4). We r eca l l  t h a t  
p o i n t s  0;') and 0 l i e  on t h e  axis of t h e  c r a d l e  and 0") and C l i e  on t h e  
ax is  of the p in ion  head-cutter (Fig.  12.4). 
of i n t e r s e c t i o n  of p in ion  c r a d l e  a x i s ,  X( ' ) ,  and t h e  p in ion  head-cutter 




P o i n t s  0 and C are t h e  p o i n t s  
m 
Plane II has  been shown i n  
S 
Unit vec to r s  $A1), a and E l i e  i n  t h e  same plane .  Here i ( ' )  is  t h e  - -m 
(1)  
m u n i t  vector of a x i s  X . 
Thus : 
(12.17) 
The de termina t ion  of t h e  qF i s  based on equat ion  (12.17) and the  
computational procedure may be presented as fol lows:  
S tep  1: 
(1 )  Representa t ion  of v e c t o r  $ i n  coord ina te  system Sm 
Figure  12.5(a) and Fig.  12.5(b) show t h e  o r i e n t a t i o n  of u n i t  vec to r  a 
Y 
i n  p lane  d l )  i n  two cases where t h e  generat ing gea r  i s  left-hand 
(genera ted  gear  i s  right-hand) and genera t ing  gear  right-hand (genera ted  i s  
l e f t -hand) ,  r e spec t ive ly .  Vector a - i s  represented  by t h e  fol lowing column 
mat r i x  : 
(12.18) 
Angle qF i s  measured clockwise. 
i n  oppos i t e  d i r e c t i o n  as shown i n  Fig.  2.1. 
This  angle  i s  nega t ive  i f  measured 
The gene ra t ing  gear  gene ra t e s  t h e  member-gear wi th  t h e  same d i r e c t i o n  of t he  
s p i r a l  ( t h e  member-gear i s  down wi th  the r e s p e c t  t o  t h e  genera t ing  gear  as 
it is  shown i n  Fig.  2.2). The generat ing gear  gene ra t e s  t h e  p in ion  wi th  t h e  
oppos i t e  d i r e c t i o n  of t h e  s p i r a l  ( t h e  p in ion  i s  up wi th  t h e  r e s p e c t  t o  t h e  
gene ra t ing  gear  as it  i s  shown i n  Fig.  2 . 3 ) .  
Step  2: Representat ion of vec tor  i n  coord ina te  system S . Using 




I o  - 
OC = 1 aFcos6 cosp - b s i n 6  s inpFO F F O F F  
a s i n 6  cosp + b cos6 sinVF0 1 F F F O F F  
(12.19) 
L 
The sub-scr ipt  ' T O "  i n  pFo i n d i c a t e s  t h a t  t h e  i n i t i a l  p o s i t i o n  of t h e  
con tac t  normal ( a t  t h e  main con tac t  p o i n t )  i s  considered.  
(1) 
m Step  3: Representa t ion  of vec tor  i n  coord ina te  system S 
The coordinate  t ransformat ion  i n  t r a n s i t i o n  from Sn t o  Sm ( l )  i s  
represented by t h e  product  of matrices. 
(12.20) 
Then vector  may be represented  as fol lows 
- rai2b2 + 
OC = a22b2 + a23b3 I a32b2 -+ a33b3 i 
Step  4 :  Representat ion of t h e  cross-product A:') x 
It i s  easy t o  v e r i f y  t h a t :  
Step  5: Determination of qF 
Equat ions (12.17),  (12.18) and (12.22) y i e l d  
I a32 = s inq[cos&cosyls in(y  - A l l  - siny cos(y - Al l ]  
1 1 1 
-sinqF(a32b2 + a33b3) + cosqF(a22b2 + a b = 0 23 3 
Thus 
a22b2 i- a23b3 
a32b2 + a33b3 
tanq = 
Here : 
a22 = -sin&cosYlsinn + cos&cosrl 
1 a23 = - s in€s iny  
+ cosns in&sin(y l  - A l l  







Expressions of b2 and b3 have been represented by the  column ma t r ix  (12.19) 
i n  terms of p 
'n n 
Our purpose i s  t o  der ive  r e l a t i o n s  between pFo, pp0 and FO 
is  the  parameter of t he  gear  c r a d l e  a x i s  f o r  FPO ( N )  and z ( ~ ) .  Here: 
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(N) point A (Fig. 9.1);  yn 
po in t .  
and z r )  are coord ina tes  of the main c o n t a c t  
Equations (7.17) and (7.18) Yield: 
d2 
- t a n ( q -  6 F ) - c ~ ~ n c o s A  2 
dl 
d2 
t a n  pFo = 
t a n ( q -  6 F )+-  dl cosrlcosA 2 
Here (see equat ions (7.15) and (7.16)) 
d2 - tan(q - 6,) tanppo + cosncosA 2 - -  
dl t an (q -  6p)-cosncosA 2 tanppo 
(12.28) 
(12.29 
The determinat ion of parameter ppo i s  based on the fol lowing c o n s i d e r a t i o n s  
(Fig.  12.6) 
- - -  
OnA = 0 N + NA n 
Equation (12.30) y i e l d s  
Thus : 
Using equat ions (7.4) and (12.5) we  g e t  






- s i n 6  s inp P PO 2 
(A) = 
Yn 
(12 .33 )  
y y '  and z ( ~ )  are coord ina tes  of the  main con tac t  po in t  N i n  coord ina te  
system S n , q  determines the  o r i e n t a t i o n  of t h e  con tac t  normal i n  plane 
x = 0. 
n 
n 
Using E q s .  (12 .31 )  - (12 .33 )  we may determine parameter ppo. 
Determinat ion of Re la t ion  Between AE1 and AL1 
Parameters AE1 and AL1 of t h e  pinion machine-tool s e t t i n g s  have been 
shown i n  Fig.  2 .3 .  
gene ra t ion  relates AE1 and AL1 i n  a c e r t a i n  way. 
Our goa l  i s  t o  prove t h a t  t h e  proposed method f o r  
Consider t h e  drawing of Fig. 12.7.  Poin t  D co inc ides  wi th  the o r i g i n s :  
0 
o r i g i n  of coord ina te  system S . Point  D i s  a l s o  shown i n  Fig. 9 . 1 .  Poin t  
0 i s  t h e  po in t  of i n t e r s e c t i o n  of the p in ion  c r a d l e  a x i s  w i th  t h e  plane of 
normals,  TI. Vector DO must be c o l l i n e a r  t o  t h e  con tac t  normal (F ig .  9 . 1 ) .  
of coord ina te  system Sh, Of of coordinate  system Sf (Fig.  5 . 1 )  and t h e  h 
n 
F igure  12.7 shows a plane t h a t  i s  drawn through po in t s  O ( l ) ,  D and 0. m - 
Since v e c t o r s  i " ) ,  O(')D and l i e  i n  t h e  same p lane ,  we have t h a t  
m m 
Vector  OL1)D is  represented  by 
(12  3 4 )  
t h e  column ma t r ix  (see Eq. 4 . 1 2 ) )  
(12 .35 )  
Vector i s  c o l l i n e a r  t o  the  u n i t  contact  normal 2f and is  g iven  by (see 
51 
Eq. 4 . 6 ) )  
Equations ( 1 2 . 3 4 )  - ( 1 2 . 3 6 )  yield 
1 AEl AL1 I [ LsinA 
1 1  0 0 1 
Equation (12 .36 )  results in that 
- -  - tanTF 
AL1 
where 
‘F 4- ‘F 
T = e  2 
F F  
Determination of $iFlL T+ and AE1 
Parameter $:F) determines the blade angle of the pinion head-cutter. 
Parameter T with the known value of q determines the cone surface 
parameter OF. We may determine @dF) and T F  by using the equations of 
tangency at the main contact point represented as follows: 
F F 
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( 1 2 . 3 6 )  
( 1 2 . 3  7 )  
( 12 .3  8) 
( 1 2 . 3 9 )  
(12.40) 
(12.41) 
Equat ions (12.40) and (12.41) provide t h e  e q u a l i t y  of pos i t ion-vec tors  
and u n i t  s u r f a c e  normals,  r e spec t ive ly  a t  t he  main con tac t  po in t  f o r  t h e  
gene ra t ing  s u r f a c e s  1 and cF. Vector equat ions (12.40) and (12.41) P 
provide t h r e e  and two scalar  equat ions ,  r e s p e c t i v e l y ,  s i n c e  [ n (PI [ = [ 2 (F) [ - 
(F) = 1. Using vec to r  Eq. (12.41) we may determine parameters $ and T ~ .  To 
determine hE1 w e  need only one s c a l a r  equation from t h e  t h r e e  ones provided 
by v e c t o r  equat ions  but  t h e  remaining two scalar  equat ions  should be 
checked t o  ensure  t h a t  they are s a t i s f i e d  wi th  t h e  determined machine-tool 
s e t t i n g s .  
C 
13. INSTALLMENT OF MACHINE-TOOL SETTINGS 
The ins t a l lmen t  of t h e  e c c e n t r i c  angle,  EA, and c r a d l e  angle ,  CA, on 
t h e  Gleason c u t t i n g  machine No. 26 and No. 116 provides  t h e  r equ i r ed  va lues  
of qj and b ( j  = P ,  F).  3 
Consider t h a t  a lef t -hand gea r  i s  generated.  Figure 13.1 shows two 
p o s i t i o n s  of t h e  e c c e n t r i c  and i t s  center :  before  and a f t e r  t h e  
i n s t a l l m e n t  of t h e  c r a d l e  angle ,  CA. The a x i s  of t he  c r a d l e  i s  
perpendicular  t o  t h e  p lane  of drawings and pointed t o  the  observer .  The 
a x i s  of t h e  head-cut ter  passes  through the c e n t e r  of t h e  c r a d l e  s i n c e  t h e  
e c c e n t r i c  ang le  is  no t  i n s t a l l e d  y e t .  Figure 13.2 shows two p o s i t i o n s  of 
t h e  a x i s  of t h e  head-cut ter :  before  and a f t e r  t h e  in s t a l lmen t  of t h e  
e c c e n t r i c  angle .  
equat ion  




= CA + - - 90" (j = P,  F) qj 2 ( 1 3 . 1 )  
EA b 1 = 00 sin - 2 C 2 (13 .2 )  
where OOc = k is the given constant value. 
correspond to the installment of a right-hand gear (the generating gear is 
left-hand). Figure 13 .3  shows the installment of the cradle angle (CA). 
Figure 13.4  shows the installment of the eccentric angle and the relations 
between angular parameters CA, EA and 4 . Equations ( 1 3 . 1 )  and ( 1 3 . 2 )  
also for the case of generation of a right-hand gear but the value of q.is 
J 
larger than in the case of generation of a left-hand gear (see Fig. 1 3 . 2 ) .  
Figures 13.3  and 13.4  
j 
The installment of corrections of machine-tool settings A E ~  and AL1 are 
only applied for the generation of the pinion. These corrections are 
installed on the Gleason's cutting machine by "the change of machine center 
to back" and "the sliding base". 
The correction AE represents the shortest distance between the crossed 1 
axes of the pinion and the gear; AEl is called "the offset" in Gleason 
terminology (Fig. 1 3 . 5 ) .  
The correction AL is installed at the machine as a vector-sum of: (i) 1 
the change of machine center to back (CB) and (ii) the sliding base (SB) 
(Fig. 13 .6a ,b ) .  The change of machine center to back is directed parallel 
to the pinion axis and the sliding base is directed parallel to the cradle 
axis. It is evident that 
SB = AL tanyR &1 1 CB = - R cosy ' 
( 1 3 . 3 )  
Here, y, is the root cone angle; CB is the machine center to back; SB is 



















The a u t h o r s  proposed a method f o r  genera t ion  of s p i r a l  beve l  gea r s  wi th  
conjugated gear  t o o t h  s u r f a c e s  wi th  the  fol lowing p r o p e r t i e s :  
( i )  The t ransformat ion  of r o t a t i o n  i s  performed wi th  zero o r  almost 
ze ro  k inemat ica l  e r r o r s .  
(ii) The con tac t  p o i n t  of gear  t oo th  su r faces  ( t h e  c e n t e r  of ins tan taneous  
c o n t a c t  e l l i p s e )  moves i n  a plane (IT) of a cons tan t  o r i e n t a t i o n  
t h a t  pas ses  through t h e  p i t c h  l i n e  of t h e  g e a r s ,  
( i i i )  The normal t o  t h e  con tac t ing  su r faces  moves i n  t h e  process  of motion 
i n  p l ane  7~ keeping i t s  o r i g i n a l  o r i e n t a t i o n .  
( i v )  It i s  expected t h a t  due t o  t h e  motion of t h e  con tac t  e l l i p s e  along 
b u t  no t  a c r o s s  t h e  gear  t oo th  sur faces  t h e  con tac t  r a t i o  w i l l  be 
increased  and t h e  cond i t ions  of l u b r i c a t i o n  improved. 
The a u t h o r s  developed a method of parallel motion of a s t r a i g h t  l i n e  by 
two e l l i p s e s  wi th  r e l a t e d  dimensions and o r i e n t a t i o n .  
A TCA program f o r  t h e  s imula t ion  of meshing and bear ing  con tac t  f o r  t h e  
proposed g e a r s  has  been developed. The advantage of t h e  proposed gear ing  is  
t h a t  t h e  g e a r s  can be manufactured by the Gleason 's  equipment. 
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C To find the machine setting parameters for the generation of 




C This program is written in FORTRAN 7 7 .  It can be compiled by 
C V compiler in IBM mainframe or FORTRAN compiler in V A X  system. 
C 
C DESCRIPTION OF INPUT PARAMETERS 
C 
C... JJ : JJ=l for left-hand gear, JJ=2 for right-hand gear 
C... TNl : teeth number of pinion 
C... TN2 : teeth number of gear 
C... DlDG, DlMIN : dedendum angle of pinion (degree and arc minute, 
c . . .  respectively) 
C... D2DG, D2MIN : dedendum angle of gear (degree and arc minute, 
c... respectively) 
C... GAMADG : shaft angle (degree) 
C.. . BPDG : mean spiral angle (degree) 
C... RL : mean cone distance 
c... w : point width for gear finishing 
C.. . ALFAP : blade angle of gear cutter (degree) 
C... RCFl : pinion cutter radius €or pinion concave side 
C.. . RCF2 : pinion cutter radius for pinion convex side 
C... DUPl : a chosen value €or pinion concave side to locate the 
C main contact point at the desired location 
C... DUP2 : a chosen value for pinion convex side to locate the 
C main contact point at the desired location 
C.. . DUPFEP : a chosen value for pinion concave side to get the 
C desired direction of the contact path 
C 
C DESCRIPTION OF OUTPUT PARAMETERS 
C 
C.. . PHPDG : blade angle of gear cutter (degree) 
C.. . PHFDG : blade angle of pinion cutter (degree) 
C... RCP 
C... RCF 
C... TPDG : the difference between the sum of gear cone surface 
C 
C angle, and machine setting angle (degree) [see 
C equation (4.18) in report] 
2. 9: 
-.- ;k 








A ,.2- ,\ 2- ,.-0- ,, 2. ,. r' ,:$: ;,:;,:9:9:A;':A;,:9:;,:9:~:9: ;': *A ;': $; iC$< ;k $<*$:;~:$:;~: fc,'r;,:'r9:;'. 9: ;k ;k;k $:$:$:A ;:A ;kf +:1'; ;r;;Q::,A9: . 
: radius of gear cutter (measured on cradle plane) 
: radius of pinion cutter (measured on cradle plane) 
angle coordinate and generating surface rotation 
95 
C.. . TFDG : the difference between the sum of pinion cone 
C surface angle coordinate and generating surface 
C rotation angle, and machine setting angle (degree) 
c. .  . [see equation (4.3) in report] 
C... BP : radial of gear cutter 
C... BF : radial of pinion cutter 
c... QPDG : machine setting angle of gear 
C.. . QFDG : machine setting angle of pinion 
C... MP2 : ratio of cradle angular velocity for cutting the 
C gear and gear angular velocity 
C... MFl : ratio of cradle angular velocity for cutting the 
C pinion and pinion angular velocity 
C... DE1 : machine offset €or cutting the pinion 
C... DL1 : vector-sum of (1) the change of machine center to 
C back and (2) the sliding base 
C.. . FEEODG : generating surface rotation angle at initial main 
C contact point 




C INPUT THE DESIGN DATA 
C 















C CONVERT DEGREES TO RADIANS 
C 
CNST=4.DO09cDATAN(1 .DOO) /18O.D00 
D1= (DlDG+DlMIN/60. DOO) %NST 
D2=(D2DG+D2MIN/60.DOO)*CNST 
B P-B PDG" CNS T 
C 
C CALCULATE GAMA1 AND GAMA2 
C 
GAMA=GAMAM;'~ CN s T 
RM12=TN2/TN1 
RM21=TNl/TN2 
GMAl=DATAN (DSIN (GAMA) / (RM12+DCOS (GAMA) 
GMA2=DATAN (DSIN (GAMA) / (RMZl+DCOS (GAMA) ) ) 
IF(GMA1 .LT. O.)THEN 
GMA1=180.*CNST+GMAl 
END IF 























C CALCULATE CUTTING RATIOS 
C 
RMP2=SNGM2/CSD2 
RMFl=TN 1 %NGM2/ (TN2*CSD2) 
C 
C II=1: THE PINION CONCAVE PART ANALYSIS, II=2: THE PINION CONVEX PART 
C ANALYSIS 
C 
Do 10000 II=1,2 








C CALCULATE PHP 
C 
IF(I1 .EQ .1)THEN 
PHP=ALFAP%NST 
ELSE 





C CALCULATE FEEP AT INITIAL MAIN CONTACT POINT 
C 
A=CSD2*SNPHP-SND2>kCSPHP*SNBP+DLlP*SNBP/RL 
IF(JJ .EQ. 2)THEN 
A=-A 
9 7  
END I F  
B=DUP"CSBP /RL-SND2"CSPHP"CSBP 
C = S ND2 ;k C S P HP "C S B P 
D=DSQRT (A+:A+B$:B-c+:c) 
E=C-B 
FI=DATAh'< <-A+D) /E)  
FZ=DATAN ((-A-D) /E )  
IF (DABS(F1)  . L T .  DABS(F2))THEN 
FEE-2.DOO"Fl 
ELSE 
FEE=2 .  DOO"F2 




C CALCULATE TP 
C 
I F ( J J  .EQ. 1)THEN 
T P - 9 0 .  D0O"CNST-BP+FEE 
ELSE 
TP=270.DOOfiCNST+BP+FEE 
END I F  
CSTP=DCOS (TP)  
SNTP=DSIN (TP) 
C 
C CALCULATE QP 
C 
I F ( I 1  .EQ. 1)THEN 
IF ( J J  .EQ. 1)THEN 
D=DUPFEP"SNBP~:SNTP+RL~cCSD2"SNPHP~:CSBP"SNFEE+RL~~SND2~cCSPHP 
E L S E  
D=DUPFEPgSNBP"SNTP-RL"CSD2"SNPHP "CSBP"SNFEE+RL*SND2"CSPHP 
9 : ~ ~ ~ ~ % ~ ~ ~  
f *CSBP%SBP 
# %NBP%SBP 
END I F  
E=DUPFEP"CSBP~:SNTP+RL"CSD2"SNPHPytCSBP"CSFEE-RL;~SND2~cCSPHP 
QP=DATAN (-E/D) 
I F  (QP . LT . 0. DOO) THEN 
QP= 180. DOO"CNST+QP 
END I F  
END I F  
I F ( J J  .EQ.  1)THEN 
SNQPFEIDSIN (QP-FEE) 
CSQPFE=DCOS (QP-FEE) 





END I F  
SNTHP=DSIN (THP) 
C 
C CALCULATE RCP 
C 
CMO=RL"CSD2"DSIN (QP) /DCOS (BP-QP) 
I F ( I 1  .EQ. 1)THEN 
RCP=CMO-W/2. ODOO-RL'kSND2$:SNPHP/CSPHP 
ELSE 
RCP=CMO+W/Z . DOO-RLScSND2%NPHP/CSPHP 
END I F  
C 
C CALCULATE RBP 
C 
C 
C CALCULATE UP 
C 
R B P = R L " C S D2 " C S B P / DC 0 S ( B P - Q P ) 
UP= (RCP$:CSPHP/SNPHP+RL+.NDZ) +:CSPHP+RBP+~ (SNPHP%NQPFE-CSPHP* 
f SNTHP'"SND2/CSD2) /SNTP 
C 






SNRN=DS I N  (RN) 
C 
C CALCULATE DLTA 
C 
A=CSGMl 
C= (SNGMl"'SNRlDl-CSD2) / C S R l D l  
B=-SNRN/CSRN 
X 1 = - B +DS QR T (A>? >'? 2 + B f: >': 2-C * * 2) 





I F  (DABS (DLTZA) . LT. DABS (DLT2B) ) THEN 




END I F  
CSDLTA=DCOS (DLTA) 
SNDLTA=DS IN (DLTA) 
C 
C CALCULATE DETAP 
C 
AOlPSND2/CSD2 
BO ~ = - S N R N  
DETAP=DATAN (AO 1 /BO 1 ) 
C 
c CALCULATE DTAF 
C 
A211=CSGM1*SNR1D1/CSRlDl-CSDLTA*SNGM1 
B 2  11%- (SNDLTA"CSRN+SNRN" (CSDLTA"CSGM1+SNGM1*SNRlD1/CSR1Dl) ) 





C CALCULATE Q 
C 






C calculate normal vector at main contact point in N coordinate system 
C 











C CALCULATE BF 
C 
BF=DSQRT ((CSQAPfC~C2~:CSD2;'C"2;kCsRN;':;':2+sNQAp~:~:2) 
{I / ( C s QAF :C ?C 2 ;kC SD2 $< fC 2 "ic SRN fC $< 2 + SN QAF f C  Yk 2) ) $:RB p 
C 
C CALCULATE PO 
C 
C 







C calculute coordinate of main contact point in F coordinate system 
C 
RMXF2=CSD2 "'RMXM2- SND2 "RMZM2+RL9'SND2 ':CSD2 
RMYF2=RMYM2 
RMZ F2= SND2 $:RMXM2+C SD2 +:RMZM2+R L*SND2 %ND2 
C 
C calculute coordinate of main contact point in N coordinate system 
C 
RMXN2=CSRN"RMXF2+SNRN9:RMY F2 





CG=RMYN29'DSIN (Q) -RMZN2*DCOS (Q) 
G11=-BG+DSQRT (AG""2+BG;k"2-CG*"2) 
100 
G 2 2 = - B G- DS QR T ( AG ;t 2 + B G ;': ?: 2 C G >k k 2) 
G33=CG-AG 
P O l = D A T A N ( G l l / G 3 3 )  
P 02=DATAN ( G 2  2 / G 3  3) 
I F ( D A B S ( P O 1 )  . L T . D A B S ( P 0 2 ) )  THEN 
PO=PO2":2. DO0 
ELSE 
PO=PO l'"2. DO0 
END I F  
SNPO=DSIN (PO) 
c s P o = D c o s  (PO) 
C 





DD 1 1 =RAP 9r SNQAP +;C SP 0-R B P "C s QAP * s NP 0 
DD2 2 =RAP "r S N Q AP " S NP 0 + R B P ': C S Q AP * C S P 0 
sss= (AF%NQAF) >k5r2+ (BF- "CSQAF) yk+c2 
CSFO= (AF"DD1 1%NQAF+BF9rDD22%SQAF) / 1 
SNFO- (AF"DD22;"SNQAF-BF9'DD1 1'"CSQAF) /SSS 
FO=DATAN2 (SNFO, CSFO) 
C 
C CALCULATE Q F  
C 
AA22=-SNDLTAgrCSGM1 "SNRN+CSDLTAfrCSRN 
AA2 3=- SNDLTA%NGM 1 




UUU=- (AA22 "BB2 2+AA2 3 "BB 3 3) 
DDD=AA3 2 "BB 22+AA3 3 $:BB 3 3 







C calculate normal vector at main contact point in H coordinate system 
C 
RNXH2= (CSDLTA"CSGM1 "CSGMl+SNGMl "SNGM1) "RNXF2-SNDLTA$rCSGM19rRNYF2 
RNYH2=SNDLTA"CSGMl *RNXF2+CSDLTAYkRNY FZ-SNDLTA%NGMl 'kRNZF2 
RNZH2=CSGMl"SNGM1"(1.DOO-CSDLTA)"RNXF2+SNDLTA~'SNGMl*RNYFZ+ 
f + C S G M I % N G M ~ $ ~  (1. DOO-CSDLTA) "RNZFZ 
f (C SDLTA" SNGM 1 A SNGM 1 +C SGM 1 9r C SGM 1 ) "RNZ F 2 
C 
c CALCULATE P H F  
C 
PHF=DASIN (CSDl*RNXH2-SND19:RNZH2) 
I F ( I 1  .EQ. 2)THEN 
END I F  





C CALCULATE TF 
C 
IF(I1 .EQ. 2)THEN 
TF=DATAN2(-RNYH2,-SNDl"'RNXH2-CSDl"RNZH2) 
ELSE 











C CALCULATE UF 
C 
C calculute coordinate of main contact point in H coordinate system 
C 
RMXH2= (CSDLTA"CSGM 1 "CSGM 1 + SNGM 1 "SNGM 1) "RMXF2- SNDLTA$'CSGM 1 dcRMY F2 
RMYH2=SNDLTA"CSGMl"RMXF2+CSDLTA"RMYF2-SNDLTA"SNGMl"RMZF2 
RMZH2=CSGMl "SNGMl'" ( 1. DOO-CSDLTA) "'RMXF2+SNDLTA"SNGMl "'RMY F2+ 
# +CSGMl"SNGMl" (1. DOO-CSDLTA) ;kRMZF2 
# (C SDLT A"SNGM 1 "'S NGM 1 + C S GM 1 "C S GM 1 ) "RMZ F 2 
C 
C 




DL 1 =DE 1 ;': c s T F / s N T F 
C 





































10000 WRITE (6,20004)DTAFDG, FODG,BF,AF 
90003 FORMAT (1H , 'BP =',G18.12,15X,'BF =',G18.12,/ 
# 1H ,'QPDG =',G18.12,15X,'QFDG =',G18.12,/ 
# 1H ,IMP2 =',G18.12,15X,'MFl =',G18.12,/ 
# 1H ,'DE1 =',G18.12,15X,'DLl =',G18.12,/ 
I/ 1H ,'FEEODG=',G18.12,15X,'DELTA =',G18.12/) 
1 FORMAT(1H ,'ROTATION ANGLE OF RN =',G18.12/) 
20001 FORMAT(1H , ' GEAR CRADLE ELLIPSE PARAMETER ' / )  
20002 FORMAT(1H ,'GEAR ELLIPSE ORIENTATION=',G24.17,/ 
i/ 1H ,'INITIAL POSITION=',G24.17,/ 
i/ 1H ,'MINOR AXIS=',G24.17,5X,'MAJOR AXIS=',G24.17/) 
20003 FORMAT(1H , I  PINION CRADLE ELLIPSE PARAMETER ' / )  
20004 FORMAT(1H ,'PINION ELLIPSE ORIENTATION=',G24.17,/ 
// 1H ,'INITIAL POSITION=',G24.17,/ 
i/ 1H ,'MINOR AXIS=',G24.17,5X,'MAJOR AXIS=',G24.17/) 
60000 FORMAT (1H1, ' ' 
) 6ooo FORMAT ( , ' ** * 
60002 FORMAT (1H , * I )  
CONCAVE PINION PART ANALYSIS ;t 1 ) 
$: 1 ) 
*$:$:$: *$< $:$:;*:A*$:$<$: *;tac$c *$:*$: $: $::;~ $c*$:*$:;o: $< $:$:$:*;' 1 
60003 FORMAT(1H , ' "  
60004 FORMAT (1H , ' " CONVEX PINION PART ANALYSIS 
90001 FORMAT(1H , 'GEAR PARAMETER' ,27X, 'PINION PARAMETER') 
90002 FORMAT(1H ,'PHPDG =',G18.12,15X,'PHFDG =',G18.12,/ 
1H ,'RCP =',G18.12,15X,'RCF =',G18.12,/ 





-oL.oL.l-.,-o I I I I ' > ' - ' - ' , ~ ~ , ~ O ~ O  1 I I 1  I .  I . & *  I I , 1 & ,  I ,  
-*- -8. 
,. I. ,. r: , : ; : i : ; : ; : ; : , .  ;\:;r r: , ,  ~:;:;:;:;:;:~:~:~:,.;:;:;:;:;:,,;:;:;:**;r:;r:;r:;r:9:;~:;':;~:~:~:;r:;~~:;r:;~~:;':;r:;r:;r:*;r:;~;r:3( c... 
c.. . *' 
c. .  . '% 
c... '. 
C... 
c... '. c. .. 3- 'I HONG-TAO LEE 3( 
c. .. '* 









C This program is written in FORTRAN 7 7 .  It can be compiled by 
C V compiler in IBM mainframe. 
C 
C This program calls ZSPOW, a subroutine of IMSL package. 
C 
C DESCRIPTION OF INPUT PARAMETERS 
C 
C... J J  : JJ=l for left-hand gear, JJ=2 for right-hand gear 
c. .. I1 : 11-1 for pinion concave side, 11=2 for pinion convex 
C side 
C.. . TN1 : teeth number of pinion 
C... TN2 : teeth number of gear 
C.. . DlDG, DlMIN : dedendum angle of pinion (degree and arc minute, 
c. .. respectively) 
C. .. D2DG, DZMIN : dedendum angle of gear (degree and arc minute, 
c. .. respectively) 
C... GAMADG : shaft angle (degree) 
C... RL : mean cone distance 
C... PHPDG : blade angle of gear cutter (degree) 
C... PHFDG : blade angle of pinion cutter (degree) 
C.. . RCP : radius of gear cutter (measured on cradle plane) 
C... RCF : radius of pinion cutter (measured on cradle plane) 
C. .. TPDG : the difference between the sum of gear cone surface 
C angle coordinate and generating surface rotation 
C angle, and machine setting angle (degree) [see 
C equation (4.18) in report] 
C. .. TFDG : the difference between the sum of pinion cone 
C surface angle coordinate and generating surface 
C rotation angle, and machine setting angle (degree) 
C... [see equation ( 4 . 3 )  in report] 
C... BP : radial of gear cutter 
C... BF : radial of pinion cutter 
C... QPDG : machine setting angle of gear 
C. .. QFDG : machine setting angle of pinion [ALWAYS consider it 
C as a POSITIVE input even it is negative gotten from 
C the output of maching setting program 
C . . .  HP2 : ratio of cradle angular velocity for cutting the 
C 
-8. TOOTH CONTACT ANALYSIS OF SPIRAL BEVEL GEAR 
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pinion and pinion angular velocity 
DE 1 : machine offset for cutting the pinion 
DL 1 : vector-sum of (1) the change of machine center to 
FEEODG : generating surface rotation angle at initial main 
DELTADG : rotation angle of frame h relative t o  frame f about 
DFEPDG : increment of FEPDG 
: ratio of cradle angular velocity for cutting the 
back and (2) the sliding base 
contact point 
21 
IMPLICIT REAL"8 (A-H,O-2) 
INTEGER NSIG,IER,ITMAX,M,MLOOP,Nl,N2,N5,NSIGl 


































































RMF 1 =MF 1 
c.. . 
C... CONVERT DEGREE TO RADIANS 
c... 
CNST=4. D0O”DATAN (1. DO01 / 180. DO0 
GAMA=GAMADG;~CNS T 





DLTA=DL T ADG WN sT 
QF=QFDG~<CNST 
FEP O= FEP ODG WNST 
FEFO=O.DOO 
Dl= (DlDG+DlMIN/60. DOO) “CNST 
D2= (D2DG+D2MIN/60. DOO) “CNST 
RM12=TN2/TNl 
RM21=TNl/TN2 
GMAl=DATAN (DSIN (GAMA) / (RM12+DCOS (GAMA) ) ) 
GMAZ=DATAN (DSIN (GAMA) / (RH2 l+DCOS (GAMA) ) ) 
M= (360. DOO/ (2. ODO02kTN2) /DFEPDG 
CALL HEAD1 (JJ, 11) 
L.. . 























SNDLTA=DS IN (DLTA) 
CSDLTA=DCOS (DLTA) 
SNQF=DS IN (QF) 
CSQF=DCOS (QF) 
SNPHF=DSIN (PHF) 




c... TOOTH CONTACT ANALYSIS 






R IN I TP =M"DFEPDG 
FEP=-R IN I TP%NST+FEP~ 
x(1) =TFO 
x ( 4 )  EO. ODOO%NST 
x (5) =o. ODOO%NST 
C... INITIAL GUASS FOR ZSPOW 
X (2) =TPO 
X (3) =-RINITP"CNST+FEFO 
MLOOP=M"2+ 1 
MLOOPO=M+l 
DO 99 J=l ,MLOOPO 





CALL ANGLE (X (1) ) 
CALL ANGLE (X (2) ) 
CALL ANGLE (X (3) ) 
CALL ANGLE (X (4) ) 
CALL ANGLE (X (5) ) 
FEF=X (3) 
FE2= (FEP-FEPO) /RMP2 
FE111=X(4) 
FE 1= (FEF-FEFO) /RMF 1 
10 7 
108 















x ( 4 )  =o. ODOO%NST 
x ( 5 )  =o. ODOOTNST 
C.. . INITIAL GUASS FOR ZSPOW 
X (2) =TPO 
X (3)=-RINITP*CNST+FEFO 
MLOOP=M"2+ 1 
DO 88 J=l,MLOOP 





CALL ANGLE (X (1) ) 
CALL ANGLE (X (2) ) 
CALL ANGLE (X (3) ) 
CALL ANGLE (X ( 4 )  ) 
CALL ANGLE (X ( 5 )  ) 
FEF=X (3) 
FE2= (FEP-FEPO) /RMP2 




SNTF-DSIN (X (1) ) 
CSTF=DCOS (X (1) ) 
SNTP=DSIN (X (2) ) 
CSTP=DCOS (X (2) ) 
FE11 l=X (4) 
FE221=X ( 5 )  
FE2PR=FE2-FE221 
FElPR=FEl-FElll 
ERROR= (FE2PR"3600. DOO-FE2PR0"3600. DOO- (FElPR"9600. DOO-FEIPROfr 
SNFE ~=DS IN (FE 1) 
# 3600. Doo) "TNl/TN2) /CNST 
TFDG=X (1) /CNST 
FEPDG=FEP/CNST 
F ~ ~ ~ D G = F E ~ ~ ~ / C N S T  
TPDG=X (2) /CNST 






















































P D X ~ ~ , P D Y ~ ~ , P D Z ~ ~ )  
PD(DXlTHF,DXlFEF,DY1THF,DYlFEF,DZlTHF,DZlFEF,X21, 
PDX2l,PDY2l7PDZ21) 






UTRAN2 (UX22 ,UY22, UZ22, UTX22, UTY22, LJTZ22) 
WRITE2 













SUBROUTINE ANGLE (X) 








***** SUBROUTINE FCNl ***** 
SUBROUTINE FCNl(X,F,N5,PAR5) 
109 
IMPLICIT REAL"8 (A-H, 0-Z) 
INTEGER N5 
























S N ~  ~ ~ = D s I N  (FE~ 11) 
cs11 ~=DCOS (FE~ 11) 
SNTF=DS IN (X ( 1) ) 
CSTF=DCOS (X (1) ) 
SNTP=DS IN (X (2) ) 
CSTP=DCOS (X (2)) 
THF=X (1) +QF 




UF1= ( (RCF"~CSPHF/SNPHF-RL"SND1-DL1"cSNRIDl /CSR 1D1) "'CSPHF9:SNTF+ 
THFDG=THF/CNST 
SNTHF=DSIN (THF) 
SNTHP=DS IN (THP) 
11 B F ~ :  (SNPHF%NQF+CSPHF*SNTHF* (RMFI-SNRID~) /CSR~D~)  DE^+: ( 
f SNPHF-CSPHF~:CSTF%NRID~/CSR~D~)  ) /SNTF 
XHI= (CSGM~~~CSR 1 m 9 c ~ ~  11 ~ + S N G M ~ + ~ S N R ~ D ~ )  +: (RCF%SPHF/ SNPHF-UF~ 9: 
11 CSPHF-RL~~SND~) +BF" (CSGMI;~ ( S N Q F % N ~  1I-CSQF;~S~ 11"
{I SNR 1 D 1 ) + SNGM 1 "C SQF% SR 1 D 1 ) +DL 1 ;? ( SNGM 1 "C SR 1 D 1 - c SGM 1 ;+ 
f SNR~DIWS~~ 1) - S N ~ ~ ~ + D E ~ ~ ~ C S G M ~ - U F ~ % N P H F " ( C S G M ~ + ~  (SNTF" 
f s ~ i  1 ~+CSTF%~ 1 I;%NR~D~) -SNGM~+~CSTFWSR~D~) 
YH~=CSR~D~*SN~ 1iY': (RCF;~CSPHF/SNPHF-UF~*CSPHF-RL+:SNDI) -BF;~  ( 
f S N Q F + : C S ~ ~ ~ + C S Q F % N ~ ~ ~ % N R ~ D ~ )  - D L ~ ~ : s N R ~ D ~ " s N ~ ~ ~ + D E ~ ~ ~  
11 CS~~~+UF~%NPHF* ( S N T F " C S ~ ~ ~ - C S T F ~ ~ S N ~ I ~ " ~ S N R ~ D ~ )  
ZH~A=(CSGM~+~SNR~D~-SNGM~*CSR~D~*CS~~~)~:(RCF~~CSPHF/SNPHF-UF~* 
# CSPHF) + R L % N D ~ "  (SNGM~"CSR~D~;'TS~ I~-CSGM~%NRID~) -BF" (SNGM~ 
f ;r, (SNQF%N~ 1~-CSQF;%S~ 1 ~%NRID~) -CSGM~~~CSQF%ZSR~DI) + 
{1 DL 1 ;r: ( SNGM 1 %NR 1 D 1 "C s 1 1 1 +CS GM 1 +:c SR 1 D 1 ) +DE 1 * SN I 1 1 *SNGM 1 
110 
ZH 1 =ZH~A+UF~%NPHF; ' :  (SNGM 1 ;': (SNTF~CSNI 1 1+CSTF"CS 1 1 1 $:SNR 1 ~ 1 )  +CSGM1n 
#. C S T F * C S R ~ D ~ )  
# CSDLTA) + :CSGMI%NGM~~:ZH~ 
XF1= (CSDLTA*CSGM1"c~':2+SNGM19c*2) "XH 1 +SNDLTA+:CSGMl "YH1+ (1.ODOO- 
Y F ~ = - S N D L T A ~ : C S G M ~  ~ C X H  1 +CSDLTA"YH 1 +SNDLTA%NGM~ "ZH 1 
Z F  1= ( 1. ODOO-CSDLTA) "CSGM1 "SNGM1 :':XH 1 -SNDLTA"SNGMl *YH 1 + 
XF2A=RBP" (CSPHP"SNTHPsCSND2/CSD2-SNPHP*SNQP) * (CSPHP"CSR2D2 
# (CSDLTA"SNGM1""2+CSGMl'%!) *ZH1 
# "'CSGM2"CS22 1 /SNTP+CSPHP"SNR2D2"SNGM2/SNTp-sNR2D2~SNPHp* 
# CSGM2"CS221"'CSTP/SNTP+SNPHP*CSR2D2~:SNGM2~:CSTP/SNTP-SNPHP* 
CSGM2"SN221) +CSPHPfcCSGM2" (RCP~:CSPHP+RL*SNPHP"S"2) (SNTP* 
# SN221+CSTP5'CS22 15:SNR2D2) 
XF2=XF2A+RBPkCSGM2* (SNQP"SN221+CSQP~:CS22 1 *SNR2D2) +RL"SND2" 
# (CSGM2"CSR2D2"CS22 1+SNGM2"SNR2D2) -RBP"CSR2D2~CSQP"SNGM2 
f +CSGM2"CSPHP'"CSR2D2"CS22l5: (RCP"SNPHP-RL"CSPHP*SND2) -RCP* 
# CSPHP"SNGM2' (CSPHP"CSR2D2"CSTP-SNPHP*SNR2D2) -RL"CSPHP"SND2 
# "'SNGM2"' (SNPHP"'CSR2D2*CSTP+CSPHP"'SNR2D2) 
Y F2=CSPHP"CSR2D2"SN22 1"' (RL~'CSPHP"SND2-RCP~:SNPHP) +RBP* (SNPHP" 
# SNQP-CSPHP"SNTHP"SND2/CSD2) " (SNPHP"CS221-SNPHP~cSNR2D2~: 
# S N 2 2  1"CSTP /SNTP+CSPHP "CSR2D2"SN22 1 /SNTP) -RBP" (SNQP"CS22 1 
# +CSQP"SN221*SNR2D2) -RL"SND2"SN22 1 *CSR2D2+CSPHP;k (RCP": 
{, CSPHP+RL"SNPHP"SND2) * (SNTP"CS22 l -CSTPkSNR2D2*SN22 1) 
ZF2A=RBP2: (SNPHP%NQP-CSPHP"SNTHP"SND2/CSD2) fc (CSPHP;kSNR2D2" 
# CSGM2/SNTP-CSPHP~:CSR2D2~:SNGM2"CS221/SNTP+SNR2D2~:SNPHP~: 
# SNGM2~cCS221"CSTP/SNTP+SNPHP~:CSR2D2'cCSGM2~'CSTP/SNTP+SNPHP~: 
# SNGM2"SN221) -RBP"SNGM2$: (SNQP$cSN221-CSQP*CS22 l"SNR2D2) 
# +R B P '"C SR 2 D 2  *C S QP :'r C SGM2 
# +RL"SNPHP"'SND2) +SNGM29cCSR2D2'rCS22 1 * (RCP"CSPHP*SNPHP-RL* 
# SND2"CSPHffc*2) +RCP"CSGM2$rCSPHP* (CSPHP*CSR2D2"CSTP-SNPHP" 
# SNR2D2) +RL~~CSPHP"SND2"CSGM2" (CSPHP~:SNR2D2+SNPHP"CSR2D2;': 
# CSTP) +RL*SND2'" (SNGM2"CSR2D2*CS22 1-SNR2D29cCSGM2) 
/f 
ZF2=ZF2A+SNGM2"CSPHP~: (SNTP'kSN221+CSTP"SNR2D2~:CS22 1) ;rr (RCP"CCSPHP 
RNXF2=CSPHP*CSGM2%NTP%N22 l+SNPHP* (SNGM2"SNR2D2+CSGM2%SR2D2* 
C S  2 2 1 ) -C S PHP " CS T P  ( SNGM2"C SR 2 D 2  -CSGM2 * SNR 2 D 2  "C S 2 2 1 ) 
RNY F2=CSPHP~'CS221"SNTP-SN2211 (SNPHP9cCSR2D2+CSPHP'rSNR2D2'cCSTP) 
RNZF2=CSPHP9:CSTP;k (CSGM2;kCSR2D2+SNGM2*SNR2D2fcCS22 1) +SNPHP* ( 
RNXH~=-CSPHF*CSGM~%NTF%~N 11 ~ + S N P H F ~ :  ( S N G M ~ % N R  ~ D ~ + C S G M ~  A 
CSR 1 ~ 1  *CS1 1 1 ) +CSPHF+CS TF* ( SNGM 1 "CSR 1 ~ 1  -CSGM 1 SNR 1 ~ 1 *  
RNYH~=CSPHF*SNTF*CS~ 1 i + ~ ~ i  1 i ~ f ( ~ ~ ~ ~ ~ " ~ ~ ~ i ~ i - ~ ~ ~ ~ ~ " S ~ ~ l ~ l : " ~ ~ ~ ~ )  
RNZH 1 =C s PH F ~ :  cs T F;': (C SGM 1 *CSR 1 DI + s NGM 1 %NR 1 D 1 *C s 1 1 1 ) + SNPHF ,t ( 
c SGM 1 SNR 1 D 1 - SNGM 1 +:c SR 1 D 1 ~ C C  5 11 1 ) +C 5 PHF* SNGM 1 %NT F" SN 1 1 1 
77 SNGM2*CSR2D2"CS22 1-CSGM2"SNR2D2) +CSPHP"SNGM29cSN22 1 "SNTP 
f C S l l l )  
# 
# (1. DOO-CSDLTA) *CSGMI%NGM~*RNZHI 
RNXF 1- (CSDLTA"CSGMl;':;':2+ SNGMl*"2) "RNXHl+SNDLTA"CSGMl "RNYH 1+ 
R N Y F ~ = - S N D L T A ~ ~ C S G M ~ * R N X H ~ + C S D L T A * R N Y H ~ + S N D L T A ~ C S N G M ~ ~ ~ R N Z H ~  
RNZ F 1 = ( 1 . DOO-CSDLTA) "CSGM 1 % N G M ~  "RNXH 1 -SNDLTA%NGM 1 *RNYH 1 + 
F (1) = X F ~ - X F Z  
f (CSDLTA"SNGM 1 "'*2+CSGM1""'2) "RNZH1 
F (2)=YF1-YF2 
F ( 3 ) = Z F l - Z F 2  





c . . .  
c. . .  
c . . .  
I .  I. ,. ,. SUBROUTINE FCN2 *-'*-""" + 2- -0. 2- , ., I. I. 9: 
SUBROUTINE FCN2 (X, F, N5, PARS) 
IMPLICIT REAL"8 (A-H, 0-2) 
INTEGER N5 












SNQF=DS IN (QF) 
CSQF=DCOS (QF) 
QP=QPO+FEP 
SNQP=DS IN (QP) 
CSQP=DCOS (QP) 
FEl l l-X ( 4 )  
FE221=X ( 5 )  
SN221=DSIN (FE221) 
CS221-DCOS (FE221) 
S N ~  ~ ~ = D S I N  (FE~ 11) 
cs 1 1 ~=DCOS (FE 1 1 1) 
COMMON/A~/CNST 
# FEPDG,FEFDG,FlllDG,F221DG 
SNTF=DSIN (X (1) ) 
CSTF=DCOS (X (1) 
SNTP-DSIN (X (2) ) 
CSTP=DCOS (X (2) ) 
THF=X (1) -QF 
THP=X (2) -QP 






UF 1= ( (RCF*CSPHF/SNPHF-RL%ND~ -DL 1 "SNR 1 ~ 1  /CSR 1~1) ~TSPHF%NTF+ 
f BF* (-SNPHF~~SNQF+CSPHF*SNTHF~~ (RMFI-SNR~DI) /CSRID~)  DE^* ( 
# SNPHF-CSPHF*CSTF*SNRIDI/CSR~DI) ) /SNTF 
XH~=(CSGMI~~CSR~D~*CS~~~+SNGM~*SNR~D~)"(RCF*CSPHF/SNPHF-UF~* 
f CSPHF-RL~CSNDI) +BF* (CSGMI* (-SNQF*SNI 1 I-CSQF*CS~ 1I* 
i1 SNR 1 ~ 1 )  +SNGM~ "CSQF~~CSR i ~ i )  +DL (SNGM~"TSR~D~-CSGM~* 
1 S N R ~ D ~ * C S ~ ~ I ) - S N ~ ~ ~ * D E ~ " C S G M ~ - U F ~ " S N P H F *  (CSGMI* (SNTF* 
# SN1ll+CSTF~cCS1ll*~~~l~l) -SNGMI*CSTF"CSRIDI) 
YH~=CSR~D~*SN~~~~~(RCF~~CSPHF/SNPHF-UF~"CSPHF-RL*SND~)-BF*( 
# -SNQF*CSI~I+CSQF*SNI I~*SNRIDI) -DL~%NR~DI*SNI~~+DEI* 
# CS~II+UFI*SNPHF* ( S N T F * C S ~ ~ ~ - C S T F * S N ~ ~ ~ * S N R I D ~ )  























DNIXTH=-CSPHF%NFE l ' i ' c ~ ~ ~ ~ + ~ ~ ~ ~ ~ $ c ~ ~ ~ ~  1 *SNR i ~ i  %NTF 
DN~XFE=-SNPHF~~SNFE~"CSR~D~/RMF~-CSPHF*(CSFE~*SNTF/RMF~+SNFE~~: 
c s T F) - c s P H F %NR 1 D 1 +c ( - s NFE 1 +C s T F / RMF 1 -C s FE 1 ;k SNT F) 
DN 1 Y TH= c s P H F * c s F E 1 +:c s T F + c s P H F %i NF E 1 * s NR 1 D 1 as N T F 
DN 1 Y FE= SN PH F"C s FE 1 7k c SR 1 D 1 / RM F 1 + c s PH F f: ( - SN FE 1 $9 NT F / RMF 1 + c s FE 1 + 
DN~ZFE=-CSPHF%SR ~D~+:SNTF 
# 
I/ CSTF) -CSPHF%NR~D~* (CSFE~; '~CSTF/RMFI-SNFE~"SNTF) 


















I/ CSTP) +CSPHP"SNR2D2" (-SNFE2"CSTP/RMP2-CSFE2"SNTP) 
/I CSFE2"CSTP) -CSPHP"SNR2D2" (CSFE2"'CSTP/RMP2-SNFE2"SNTP) 
L.. . 
SUBROUTINE DUP(UPP,DUPTHP,DUPFEP) 
IMPLICIT REAL"'8 (A-H,O-2) 
cOMMON/A2/DEl,DLl,RCP,RL,RCF,PHFDG 
























UFF= (BF" (SNPHF%NQF+CSPHF*SNTHF* (RMF~/CSR~DI-SNR~D~/CSRID~) ) - 
DUFTHF= (-BF*SNQF+ (SNPHF%STF+CSPHF" ( R M F ~ / C S R ~ D ~ - S N R ~ D ~ / C S R ~ D ~  
DUFFEF= (SNPHF+CSPHF%STF* ( R M F ~ / C S R ~ D ~ - S N R ~ D ~ / C S R ~ D ~ )  ) ;k (-BF+: 
1 DEI;': (SNPHF-CSPHF; ' :CSTF%NR~D~/CSR~D~)  +CSPHF%NTF* (RCF;': 
f C S P H F / S N P H F - R L % N D ~ - D L ~ % N R ~ D ~ / C S R ~ D ~ ) )  /SNTF 
P ))-DEl"(CSPHF"SNR1Dl/CSRlDl-SNPHF"CSTF) ) /SNTF""2 















P "'DUPTHP) +CSFE2"SNR2D2;kSNPHP5: (-UPP"SNTP+CSTP"DUPTHP) 
DX2FEP=-RCP"CSR2D2"SNFE2"' (CSPHP/SNPHP) /RMP2-CSPHP"CSR2D2'k ( 
f -UPP"SNFE2/RMP2+CSFE2'cDUPFEP) -RL9'SND2"CSR2D2''SNFE2/RMP2 
P -RBP" (-SNFE29cCSQP+SNQP"'CSFE2/RMP2) +RBP"SNRZD2" (CSFE2;" 
P SNQP-CSQP"SNFE2/RMP2) +SNPHP$: (UPP" (SNFE2%STP+SNTP"CSFE2 
/1 
DX2FEP=DX2FEP+SNPHP"SNR2D2" (UPP" (-CSFE2'cSNTP-CSTP3:SNFE2/RMP2) + 
P 
DY 2THP=SNFE2"CSR2D2%SPHP"DUPTHP+SNPHP"CSFEZ* (SNTP9rDUPTHP+UPP 
f "CSTP) -SNPHPYkSNFE2"SNR2D2" (-UPP%NTP+CSTP*DUPTHP) 
DY 2FEP=-RCP9'CSR2D2"CSFE2" (CSPHP/SNPHP) /RMP2+CSPHP9TSR2D2$: (UPP" 
P CSFE2/RMP2+SNFE2"DUPFEP) -RL"SND2"CSR2D2"CSFE2/RMP2-RBP9: 
f D22THP , DZ2FEP) 
/RMP 2) + SNTP "'SNFE2 ':DUP FEP) 
CS FE2 "CS TP "DUP FEP) 
115 
# (-CSFE2*CSQP-SNFE2nSNQP/RMP2) -RBP9cSNR2D29: (SNFE2':SNQP+ 
i1 CSQP7"CSFE2/RMP2) +SNPHP" (UPP" (CSFE2"CSTP-SNFE2"'SNTP/RMP2 









c. . .  
c..  . 
c. . .  & ,.-- .c)(ik* SUBROUTINE DR1 *>f+:$:f: 
SUBROUTINE DRl(UFF,DUFTHF,DUFFEF,DXlTHF,DXlFEF,DYlTHF,DYlFEF, 








f DZ ~ T H F  , DZ ~ F E F )  
11 FEPDG,FEFDG,FlllDG,F221DG 
f 
DXI THF=-CSPHF~~CSFE~ *CSR 1 ~ 1  +:DUFTHF-SNPHF~*SNFE 1 * (UFF"CSTF+SNTF+ 
D X ~  FEF=-RCF%SR 1 ~ 1  " S N F E ~  +r (CSPHF/SNPHF) /RMF ~-CSPHF+:CSR 1~1:': ( 
DU FTH F) - SNP H F" C S FE 1 " SNR 1 D 1 " (-U F F ;'r SNT F+ C S T F ykDU FTH F) 
# - U F F % N F E ~  /RMF~+CSFE 1"DUFFEF) +RL%ND~%SR 1 ~ 1  %NFE 1 /RMF 1 
f +BF;: ( - S N F E ~ ~ ~ C S Q F + S N Q F % S F E ~ / R M F ~ )  -B "SNR~D~~: (CSFE~%NQF 
i1 -CSQF+:SNFE~/RMF~) +DL~ % N F E ~ % N R  1 ~ 1  /RMF~-DE~"CSFE~/RMF~ 
DX~FEF=DX~FEF-SNPHF" (UFF>? (SNFE~+TSTF+SNTF%SFE~/RMF~)  + 
I1 SNFE~~~SNTF~~DUFFEF) -SNPHF%NR~D~~~ (UFF+: (-CSFE~ %NTF-CSTF* 
t S N F E ~  /RMFI) + C S F E ~  "CSTFY~DUFFEF) 
DY ~ T H F = - C S P H F ~ % N F E ~  + r ~ ~ ~ l ~ i  9 r ~ ~ ~ ~ ~ ~ + ~ ~ ~ ~ ~ + c ~ ~ ~ ~ 1 9 r  (UFF"CSTF+SNTF* 
# DUFTHF) -SNPHF*SNFE 1 %NR 1 ~ 1  yf (-UFF%NTF+CSTF$~DUFTHF) 
DY ~ F E F = R C F ~ ' ~ C S R ~ D ~ + ~ C S F E ~ "  ( SPHF/SNPHF) /RMF~-CSPHF+~CSRID~" ( 
UFF%SFE~/RMF~+SNFE~ "DUFFEF) -RL*SND~ %SRID~ ~ ~ C S F E ~  / R M F ~ -  
f BF* (-CSFE 1 *CSQF-SNFE 1 %NQF/RMFI) -BF%NR ~ D I  * (SNFE 1 *SNQF 
f +CSFE~"CSQF/RMF 1) -DL~%SFE ~ % N R  1 ~ 1  /RMF ' -DE 1 %NFE 1 /RMFI 
# SNTFADUFFEF) -SNPHF%NR 1 ~ 1  Jc (UFF* (-SNFE 1 %NTF+CSFEI %STF/ 
f R M F ~ )  +SNFE~"CSTF+~DUFFEF) 
i! DUFTHF) 
f -UFF%NTF+CSTF*DUFFEF) 
DY IFEF=DY ~FEF+SNPHF+: (UFF* ( C S F E ~ ~ ' ~ C S T F - S N F E ~ * S N T F / R M F ~ )  +CSFE~" 




c. .  . 
c. .  . 
c.. . SUBROUTINE PRINCIPAL CURVATURE ***'t* 
9: $: 9; 9: * 
SUBROUTINE PC (D1, D2, D3 ,D4, D5, D6, D7, D8, XI, X2 ,RK1, RK2) 


















B=D 1 *D8+D2 "D7-D5>'D4-D6 "D3 
C=D2 $:D8 -D6 $94 
xi= (-B-DSQRT (~~~'~2-4. ODOO*A~:C) ) / (2.0~00~:~) 
x2= (-B+DSQRT (~~~"2-4. ODOO~:A%) ) / (2. ODOO*A) 
RK1=- (Dl"Xl+D2) / (D3"Xl+D4) 
RK2=- (Dl"X2+D2) / (D3":X2+D4) 
RETURN 
END 
L ,. ,. >, SUBROUTINE PRINCIPAL DIRECTION 9""-d- ' .k -L -'r * ;'r, ,. I 
SUBROUTINE PD (AI, A2, A3, A4, A5, A 6 ,  PCO , PD1, PD2, PD3) 
IMPLICIT REAL*8 (A-H, 0-Z) 





fc9cA;'(* SUBROUTINE UNIT VECTOR OF PRINCIPAL DIRECTION '""""" 
SUBROUTINE UNIT (El, E2, E3, UNIT0 , UNIT 1, UNIT2, UNIT3) 
IMPLICIT REAL"8 (A-H, 0-Z) 





A :'r 9c 9: a': SUBROUTINE UTRANl Jc**** 
SUBROUTINE UTRANl (B1, B2 ,B3, UT11 ,UT21 ,UT311 
IMPLICIT REAL>?8 (A-H,O-2) 
COMMON/A5/SNGMl,CSGMl,G~l,SNGM2,CSGM2,SND2,CSD2,SNDl,CSDl 






7k>k*>k* SUBROUTINE UTRAN2 * ? C * j C *  
SUBROUTINE UTRAN2(Cl,C2,C3,UT12,UT22,UT32) 




UT32=C 1 *SNGM2+C3"CSGM2 
RETURN 
END 
.3r**fc* SUBROUTINE ELLIPSE AXIS ***** 
SUBROUTINE AXIS (SIGMDG, AXISA, AXISB , ALPH, ALPHDG) 
11 7 









C.. . FOR LEFT-HAND GEAR 
CS21= (UTX11"UTX12+UTY11"UTY12+UTZ11~cUTZ12) 
IF(II.EQ.2)GO TO 1208 
SN2 1=UTX11 "RNYF2"UTZ 12+UTX12"RNZF2"UTY 11+RNXF2%JTY 12"UTZll- 
// (UTX12"RNYF2"UTZ11+RNXF25cUTY 11"UTZ12+UTX1 1'kRNZF2"UTY 12) 
GO TO 1209 
COMMON/A~/CNST 
i/ UTZ12,UTX21,UTX22,UTY21,UTY22,UTZ2l,UTZ22 
1208 SN21=- (UTX1 l"RNYF2"UTZ12+UTX12"RNZF2;kUTY 1 l+RNXF2"UTYl2$<UTZll) 
+ (UTX12"RNYF2"UTZ 11+RNXF2"UTY 11 "UTZ 12+UTXll "RNZF2%JTY 12) 
1209 SIGM21=DATAN2 (SN21 ,CS21) 
CSS IGM=DCOS (S IGM2 1) 
SNSIGM=DSIN (SIGM2 1) 
SIGMDG=SIGM21/CNST 
AA=(AKl-AK2-DSQRT (G1""2-2.ODOO"G1"G2*DCOS (2 .DOO"SIGM21)+G2$c"2) 
BB= (AKl-AK2+DSQRT (Gl""2-2. DOO"Gl"G2"DCOS (2. DOO"SIGM21) +G2"'"2) ) 
AXISA=DSQRT (DABS (DEF/AA) ) 
// 
5 CALL ANGLE(SIGM21) 
# )/4.OD00 
/4.ODOO 




ALPH2=DATAN2 (FF, HH) 
ALPH=ALPH2/2.00DOO 







,+LA ,.,.,.I. .'L -4. SUBROUTINE WRITE2 $<$<$<>kYk 
SUBROUTINE WRITE2 











70002 FORMAT (1H , ' ""RESULT OF KINEMATIC ERROR & BEARING ' /) 
118 
70003 FORMAT (1H , ' : : : FEPDG=' ,G20.12, lox, 'FEFDG=' , G20.12, ' 
1H , '  THPDG=',G20.12,1OX,'THFDG=',G20.12,/ 
1H , '  TPDG =',G20.12,10X,'TFDG =',G20.12,/ 
1H , '  F221DG=',G20.12,9X,'FlllDG=',G20.12) 





70004 FORMAT(1H ,'XF1=',G20.12,3X,'YFl=',G20.12,3X,'ZFl=',G20.12,/ 
f 1H ,'XF2=',G20.12,3X,'YF2=',G20.12,3X,'ZF2=',G20.12/) 
WRITE (6,70005) ERROR 
WRITE (6,70006) 
WRITE(6,70007)RK12,RK22,RKll,RK21 
70005 FORMAT(1H ,'KINEMATIC ERROR=',G20.12/) 
70006 FORMAT(1H ,'RESULT OF PRINCIPAL CURVATURE') 
70007 FORMAT(1H ,'GEAR : RK12=',G20.12,3X,'RK22=',G20.12,/ 
1H ,'PINION: RKll=',G20.12,3X,'RK21=',G20.12/) 
WRITE(6,~0008)UTXll,UTYll,UTZll,UTX2l,UTY2l,UTZ21 
# 
70008 FORMAT(1H ,'PINION UNIT VECTOR OF PRINCIPAL DIRECTION ' , /  
f 1H ,'UTX11=',G20.12,'UTYll=',G20.12,'UTZll=',G20.12,/ 
I/ 1H ,'UTX21=',G20.12,'UTY2l=',G20.12,'UTZ21=',G20.12/) 
WRITE(6,70009)UTX12,UTY12,UTZ12,UTX22,UTY22,UTZ22 
70009 FORMAT(1H ,'GEAR UNIT VECTOR OF PRINCIPAL DIRECTION',/ 
f 1H ,'UTX12=',G20.12,'UTYl2=',G20.12,'UTZl2=',G20.12,/ 
1H ,'UTX22=',G20.12,'UTY22=',G20.12,'UTZ22=',G20.12/) 
WRITE(6,70010)SIGMDG,ALPHDG,AXISA,AXISB 
70010 FORMAT(1H ,'DIRECTION & DIMENSION OF ELLIPSE',/ 
?% 1H ,'SIGMDG=',G20.12,10X,'ALPHDG=',G20.12,/ 
?% 1H ,'AXISA=',G20.12,11X,'AXISB=',G20.12,/ 






SUBROUTINE HEAD1 (J J , I I) 












GO TO 2 
1 WRITE (6,60004) 




60000 FORMAT ( 1 ~ 1 ,  ' 
) 60001 FORMAT ( 1 ~  , I J-' ,. ,:,':$ --de-' :. ,. ,:i: ' x:: ' 
60002 FORMAT (1H , IJC >k ' ) 
60003 FORMAT (1H , I f  CONVEX PART ANALYSIS ¶k I ) 
60004 FORMAT (1H , ' *  CONCAVE PART ANALYSIS t 1 ) 
' ) 
J ,.;:;:;:;:; ' ' * t 9:$:* 9: t 9: 9: 9: A d  ;,:k fk >\A >\ 9: 9: k: * 9: 9: 9: >': >k 9- . -- :.-- :. -- :. - x >k ' 
119 
60005 FORMAT(1H , ' *  









$<)t:$C$C* WRITE0 (11) *,';Yk*Yt 
SUBROUTINE WRITE0 (I I) 




IF(II.EQ.2)GO TO 1 
PP-PHP 1DG 
PF=PHF 1DG 
GO TO 90000 
1 PP=PHPZDG 
PF=PHF2DG 
90000 WRITE (6,90001) 
90001 FORMAT (1H , I GEAR PARAMETER ,27X, ' PINION PARAMETER ' ) 
WRITE(6,900O2)PP,PF,RCP,RCFyTPDG,TFDG 
90002 FORMAT(1H ,'PHPDG=',G20.12,15X,'PHFDG=',G2O.lZ,/ 
1H ,'RCP =',G20.12,15X,'RCF =',G20.12,/ 
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